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ABSTRACT
Incorporating Stability in Deployable Origami-Based Engineering Applications
David Wayne Andrews
Department of Mechanical Engineering, BYU
Master of Science
For origami-based designs to be functional, they need to be stable. Typically, stability is
achieved through the introduction of exterior supports or members. This work focuses on incorporating stability into deployable origami-based engineering applications, including the development
of deployable stiffeners or hard stops and generating concepts for stable origami-based systems in
specific applications.
Two types of deployable stiffeners are developed. Models for transcrease hard stops are
presented, which can be directly implemented into origami-patterns to block motion at a specified
angle. Thickness Utilizing Deployable Hard Stops (ThUDS), adapted from the transcrease hard
stop models, can be implemented into thick materials for use in origami-based design. The application of self-deploying, self-locking ThUDS in an origami-based CubeSat reflectarray is shown,
designed using optimization principles. Last, various multistable furniture concepts are presented,
with stability incorporated into the concept design. These concepts focus on using composite wood
as the base material, due to wood’s abundance and commonality in furniture design.

Keywords: origami-based design, stability, foldable furniture, deployable hard stop, kirigami,
origami
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CHAPTER 1.

1.1

INTRODUCTION

Motivation
Over recent years, research in the area of origami-based design has expanded due to the

desire for products with compact storage. This work has led to the design of numerous foldable
and deployable products [2, 3]. Most of these products are created from thin materials, such as
paper, thin sheet metal, or fabric, to achieve the desired flexibility of the folds. Many products
made from thick materials either use membranes, are not based on origami patterns, or are in
partially folded states, with self-interfering thickness.
Of the products designed to carry loads, most are either only inspired by origami or use
stiffeners separate from the base pattern to obtain desired stability. For example, a folding kayak
uses a solid floorboard and cockpit rim to provide the product’s desired stiffness [3]. Folded
wheels for a robot require an internal spring to hold the wheel in the desired shape [4]. Greenwood
et al. [5] also discussed various methods for obtaining stability in origami-based design, many of
which require adding external hardware to the system. Incorporating stability into the origamibased design itself would be advantageous.

1.2

Objective
The purpose of this work is to develop methods for incorporating stability in origami-

based engineering design. This overall objective includes four sub-objectives. First, develop new
deployable stiffeners/stabilizers, which can be incorporated directly within an origami pattern.
Second, adjust these stiffeners/stabilizers for use in thick materials, such as a composite wood or
other sheet material, using pre-existing thickness accommodation methods or through thickness
utilization. Third, develop and test methods for obtaining multiple stable states. Fourth, apply
these principles and methods to applications, such as foldable furniture.
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1.3

Background
Origami is the ancient art of paper folding. An origami pattern consisted of creases, where

the paper is folded, and facets, flat panels formed by the creases. The angle between two adjacent
facets is called the dihedral angle [6]. The dihedral angle is 180° when flat. If a pair of adjacent
facets are able to reach a dihedral angle of 0°, then they are flat-foldable. Throughout a pattern’s
motion, numerous fold states can be achieved, including fully unfolded, partially folded, and fully
folded states [2].
Tied to origami is the concept of kirigami, which adds cuts to the folds of origami. It is
similar to the concept of pop-up mechanisms. Kirigami shares many advantages of origami, such
as planar manufacturing and scalability [7].
A system is multistable if it is able to obtain multiple stable states or configurations through
its range of motion. These stable states could include functional states or compact configurations.
A common use of multistability is bistable compliant mechanisms [8]. Greenwood et al. [5] discussed various methods for obtaining stable states in origami-based engineering.
In recent years, numerous methods have been developed for accommodating thickness,
while still allowing for folding. Lang et al. [6] reviewed many of these methods, including the
axis-shift method, offset panel technique, and strained joint technique.
For mechanism design, kinematics can be used for analyzing the position and forces on a
mechanism. Parameters of a mechanism can be calculated using complex loop-closure equations
[8]. This is done by selecting a reference point and calculating distances around circuits within the
mechanism and setting them up into complex equations.

1.4

Thesis Outline
This thesis is organized as follows, with each chapter including relevant background infor-

mation for the work contained therein.
Chapter 1 outlines the motivation for this work, including brief background in key areas,
the overall objective, and sub-objectives for the work.
Chapter 2 introduces models for a new type of deployable stiffener, called deployable transcrease hard stops, which can be incorporated directly into origami patterns. They are based on
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the zero-thickness assumptions and introduce strategic kirigami to origami. These models utilize
self-interference between adjacent facets to block motion of a pattern at a desired fold angle. This
work was presented and published in the Proceedings of ASME 2019 International Design Engineering Technical Conference (coauthors Alex Avila, Jared Butler, Spencer Magleby, and Larry
Howell) [1].
Chapter 3 builds upon the work in chapter 2, but adds thickness. These adapted mechanisms are called Thickness Utilizing Deployable Hard Stops (ThUDS), which block motion at
a desired angle. Thickness is utilized through self-interfernce and through their nature in residing within the thickness of a material. General cases are presented for two categories of ThUDS,
with special cases and adaptations presented for each. Physical examples are also shown, to show
the feasibility of ThUDS. This work has been submitted to Mechanical Sciences, with coauthors
Spencer Magleby and Larry Howell [9].
Chapter 4 is an application of ThUDS for a self-deploying, self-locking deployable reflectarray attached to a CubeSat. The optimization of ThUDS for a maximum holding moment is
shown. This work was pursued as an optimization class project with Collin Ynchausti and Nathan
Brown, who are coauthors of this work.
Chapter 5 introduces various concepts for load-bearing, foldable furniture with multiple
stable states. Emphasis was given to designs using composite wood as a base material. Benefits
and limitations of each concept are stated, along with outlining future work for improving the most
promising concepts. This work was completed in collaboration with the Wasatch Design Collective
at Brigham Young University.
Chapter 6 wraps the work together, states conclusions, and discusses areas of future work
based upon the work contained herein.
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CHAPTER 2.
KIRIGAMI-BASED DEPLOYABLE TRANSCREASE HARD STOP MODELS USABLE IN ORIGAMI PATTERNS

2.1

Introduction
Some origami-based applications call for the fold motion to stop at a predetermined state

(e.g., for positioning optical components). The facet interference technique in partially folded
states is a valuable blocking method for stopping motion in a desired fold state [2]. Facet interference cannot be implemented within an arbitrary pattern since it requires non-flat foldability. The
dimensions and alignment of facets must be such that facets interfere in a desired fold angle [10].
Generally, patterns only allow for alterations to the fold pattern along the edges of the pattern.
These changes can prove useful for single-degree of freedom patterns but become increasingly
complex when a pattern has multiple degrees of freedom.
Kirigami is similar to origami, but includes both folding and cutting of paper. Cuts can be
made to a preexisting origami pattern to change its original characteristics or develop entirely new
patterns. Similar to kirigami are mechanisms commonly used in pop-up books, which also involve
folding and cutting of paper [11]. Recently, kirigami has found a number of applications, such as
in the design of metamaterials [12].
This work presents four models, within two categories, for deployable hard stops within an
origami pattern using kirigami. The models in the first category are similar to a pop-up book mechanism that deploys out of a plane. The models in the second category exhibit characteristics of a
spherical linkage, employing a degree-4 vertex. Each hard stop model is developed across a crease
and bounded by the facets adjacent to that crease, so as to reside within an origami pattern. Each
model is defined, including equations for calculating hard stop model parameter values. Examples
showing benefits and limitations of these models are also included.
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2.2

Background
This work adapts methods for blocking motion in origami and the art of kirigami to develop

hard stop models for origami patterns. Additional background in the areas of motion blocking and
kirigami is given below.

2.2.1

Blocking Motion
For origami patterns to stop moving in a desired configuration, a blocking mechanism must

be introduced to reduce the pattern’s range of motion. Facet interference is a common technique for
producing a hard stop to motion in a desired fold state [2] and utilizes self-interference of adjacent
facets within an origami pattern [10]. Foschi and Tachi [10] outline a technique for determining
which facet within a degree-4 origami vertex will block motion and how to design for a desired
stop angle between facets. They also give an example of how their technique can be used in a
multi-faceted origami pattern.
Establishing hard stops to motion becomes more challenging when an origami pattern has
multiple degrees of freedom or does not allow adjacent facets to completely interfere. A mechanism built upon such a pattern cannot use facet interference to stop motion.
Ku [13] outlines a thickness based method for creating a hard stop in motion within an
origami-based crease. This method requires removing material along one or both sides of the
crease in such a way to allow motion along a given axis, but block motion at a desired angle.
Thus, this method utilizes the thickness of the material being used. Many thick-folding techniques
exhibit this behavior [6].
Shemenski and Trease [14] show an example of a deployable flasher with strings used as
hard stops to stop motion in a partially folded state. They also show an example of a hard stop built
into a hinge and discuss how it can be used between adjacent facets as both a joint and a hard stop.

2.2.2

Kirigami
As an adaptation on traditional origami, kirigami, the art of folding and cutting paper,

has ridden in the wake of origami to gain similar notoriety. Kirigami shares many advantages
of origami, such as planar manufacturing and scalability [7]. Kirigami has been used to create
5

metamaterials [12], lattice structures for sandwich boards [15], and bandages with increased flexibility [16]. These and other existing kirigami techniques remove portions of material, rather than
cutting slits. In contrast to current modeling practices for origami, the cuts in kirigami can provide
motion that need not be modeled as a spherical mechanism.
Pop-up mechanism [11] or pop-up origami [17] are two terms used synonymously with
kirigami. Pop-up mechanisms are widely used in creative mechanisms which deploy from sheets
of paper. Like origami, these mechanisms can be modeled using kinematics to define their motion,
allowing for analysis and definitions of similar deployable mechanisms [11].

2.3

Planar Transcrease Hard Stop Models
A planar transcrease hard stop (PTHS) is a deployable hard stop that is formed across an

origami crease. PTHSs are planar double-slit mechanisms [11] that can be modeled as a four-bar
kinematic linkage. Rather than deploying from a fully folded state like a pop-up book mechanism,
a PTHS deploys from an unfolded state. This section provides general and flat-foldable models
for a PTHS and corresponding limitations. Since these models originate from a plane, they are
equivalent to those of a change-point mechanism.

2.3.1

General Planar Transcrease Hard Stop
The general PTHS model can be realized by adding two slits through a crease between two

adjacent facets, stretching between creases b and d, as shown in Figure 2.1. The initial crease and
facets become the base of the PTHS model. The newly created facets, B and C, act as links with
joints at creases b, c, and d. Folding the base facets, A and D, toward each other deploys the hard
stop. At a desired angle, facet B interferes with facet A, blocking relative motion between facets A
and D. This resulting hard stop to motion creates a partially folded fold state with a given dihedral
angle, which is the angle between the normal vectors of adjacent facets [18].
Figure 2.2 shows the parameters for a general PTHS model, namely the dihedral angle (ρd )
and model lengths (L1 , L2 , L3 , L4 ). The general PTHS model may have an arbitrary shape or angle
with respect to the base crease a, as long as creases b, c, and d remain parallel to a. The lengths are
defined in the plane of motion, perpendicular to the creases. Such a mechanism is kinematically
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Figure 2.1: General PTHS model in (a) unfolded and (b) partially folded fold states. A and D are
base facets. The base crease or gutter is denoted by a. B and C are the facets of the PTHS model.
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Figure 2.2: Parameters for a General PTHS model in (a) unfolded and (b) partially folded fold
states.
equivalent to this model. Three independent parameter values need to be selected to define the
model. The two remaining parameter values are found using

L1 + L2 = L3 + L4

(2.1)

and

L3 =

2L12 + (2L1 L2 + L22 )(1 − cos ρd )
2L1 + L2 (1 − cos ρd )

which is derived using the law of cosines. The dihedral angle can be between 0° and 180°.
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(2.2)

One advantage of the PTHS model is that it scales easily. Two non-dimensional ratios
R12 =

L1
L2

(2.3)

R32 =

L3
L2

(2.4)

and

can be used to define the PTHS model. The first, R12 , relates model lengths in the base facets (L1 ,
L2 ). The second non-dimensional ratio, R32 , relates the angled links (L2 , L3 ). As above, a value is
first selected for ρd . Values for one length and one ratio are also selected. The remaining parameter
values are found using equations (2.1), (2.3), (2.4) and
R32 =

2.3.2

2R212 + (2R12 + 1)(1 − cos ρd )
2R12 − cos ρd + 1

(2.5)

Flat-Foldable Planar Transcrease Hard Stop
A special case of the general PTHS model is the flat-foldable planar transcrease hard stop

(FF-PTHS) model. For this model, shown in Figure 2.3, creases a and c are constrained to be
coincident in the unfolded state. This constraint requires that L1 = L4 and L2 = L3 , removing two
model parameters. Further, this makes it possible for the FF-PTHS model to be deployed to create
a partially folded state, while also being able to be flat-foldable, with creases a and c remaining
coincident during motion. A trade-off of using this constraint is that it reduces the dihedral angle
range to be 0° to 90°.
Calculating the model parameter values is much simpler for this model than for the general
PTHS model, because R32 = 1. This allows equation (2.5) to reduce to be

R12 = cos ρd

(for R32 = 1)

(2.6)

This simplified model requires only two independent parameter values: ρd and either L1 or L2 . The
remaining length is found R12 given in equation (2.3).
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Figure 2.3: Parameters for a FF-PTHS model in (a) unfolded and (b) partially folded fold states.

2.3.3

Limitations
The parameters for both PTHS models are limited by the dihedral angle. For the general

PTHS model, as ρd approaches 0°, L3 and L4 approach L1 and L2 , respectively. Conversely, as
ρd approaches 180°, L3 reaches a limit of L1 + L2 and L4 rapidly approaches a length of 0. This
rapid approach causes the general PTHS model’s efficiency to decrease quickly past 90°. For the
FF-PTHS model, L2 approaches infinite length as ρd approaches 90°. Additionally, both PTHS
models are limited by the size of the base facets the hard stop model is formed from.

2.4

Spherical Transcrease Hard Stop Models
A spherical transcrease hard stop (STHS) is a deployable hard stop that is formed across an

origami crease. STHSs are single-slit spherical mechanisms [11] that act like a degree-4 origami
vertex deploying from a plane. This section provides general and simplified models for a STHS
and corresponding limitations.

2.4.1

General Spherical Transcrease Hard Stop
The general STHS model can be realized by adding a degree-4 origami vertex laying over

a crease between two facets, as shown in Figure 2.4. A cut is made from tip to tip of creases b
to c and c to d. Folding the base facets, A and D, toward each other deploys the hard stop. At a
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Figure 2.4: General STHS model in (a) unfolded and (b) partially folded fold states. A and D are
base facets. The base crease or gutter is denoted by a. B and C are the facets of the STHS model.
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Figure 2.5: Parameters for a General STHS model in (a) unfolded and (b) partially folded fold
states.
desired angle, facet B interferes with facet A, blocking relative motion between facets A and D.
This resulting hard stop to motion creates a partially folded fold state with a given dihedral angle.
Figure 2.5 shows the parameters for a general STHS model , namely the dihedral angle (ρd )
and vertex angles (θ1 , θ2 , θ3 , θ4 , θ5 ). Like the general PTHS model, three independent parameter
values need to be selected to define the model. The three remaining parameter values are found
using

θ1 + θ2 + θ3 + θ4 = 2π

(2.7)

θ5 = θ1 − θ2

(2.8)
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Figure 2.6: Parameters for a P-STHS model in (a) unfolded and (b) partially folded fold states.

cos ρd =

cos θ3 − cos θ4 cos θ5
sin θ4 sin θ5

(2.9)

with the last being derived from the spherical law of cosines.
For this model the dihedral angle can be between 0° and 180°. The shape of the kirigami
facets is arbitrary, only being required to fit within the corresponding base facets. The figures in
this paper show angled (Figure 2.4) and circular (Figures 2.5 and 2.6) examples.
By specifying an angle between facets A and C and between facets C and D, one has the
necessary parameters for defining a spherical triangle originating from the center of the degree-4
vertex of the transcrease hard stop model. Using the spherical trigonometric laws of sines and
cosines in conjunction with equations (2.7) through (2.9), one or both of the newly defined angles
can be used as additional independent parameters to find model parameter values. These angles
would replace vertex angles as independent parameters.

2.4.2

Perpendicular Spherical Transcrease Hard Stop
A special case of the general STHS model greatly simplifies the calculation of vertex angles

by implementing specific constraints. This model is called the perpendicular spherical transcrease
hard stop (P-STHS) model and the corresponding parameters are shown in Figure 2.6. The constraints for this model are that θ4 = 90° and θ5 = 90°. These constraints lead to a simplified value
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of θ3 = ρd as calculated by inserting the θ4 and θ5 constraint values into equation (2.9). These
constraints cause the P-STHS model to always be perpendicular to the base facets.
To calculate the parameter values of the P-STHS model, only a single independent parameter value needs to be defined. This parameter is usually the dihedral angle, ρd . Equations (2.7)
and (2.8) are used to find the last parameter values of θ1 and θ2 .

2.4.3

Limitations
The most noticeable limitation of the general STHS model is that it is more complex than

the general PTHS model. This is due to the complexities of spherical trigonometry. Much of this
difficulty is removed for the P-STHS model by setting specific constraints.
As the dihedral angle approaches 0° or 180°, the hard stop approaches the limits of the
model. At 0°,
θ1 + θ3 = θ2 + θ4 = π

(2.10)

which causes facets A and B to interfere and facets C and D to interfere, resulting in a fully folded
degree-4 vertex. At 180°,
θ1 + θ4 = θ2 + θ3 = π

(2.11)

which causes the hard stop facets, B and C, to interfere with both facets A and D. This results in
an unfolded state with a flap that is fully folded.
Like the PTHS models, the parameter values of STHS models are dependent on the size of
the base facets the model is formed from. This is especially important near the model limits, where
one or two vertex angles begin to rapidly decrease in size.

2.5

Examples
Two examples were created to show specific benefits of using this model. Corresponding

limitations are also shown. Since these are models, prototypes were built using thin materials that
require no adaptation for thickness. The first example shows how these models can be used to
block motion within an origami pattern. The second example shows the range of possible dihedral
angles from these models.
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Figure 2.7: Muira-ori pattern containing transcrease hard stops based on the FF-PTHS model in
(a) fully unfolded, (b) fully folded, and (c) partially folded/blocked states. The blocked state (c) is
held in place under external loading.

2.5.1

Motion Blocking Demonstration
The purpose of a hard stop is to block motion once a specific position or angle is reached.

These transcrease hard stop models can be implemented directly into origami patterns because of
the zero-thickness assumption of paper. For this example, we use a muira-ori pattern which has two
flat states: fully unfolded and fully folded. Each hard stop in this model is based on the FF-PTHS
model for its simplicity and for its dual deployable, fully-foldable nature.
As shown in Figure 2.7a, hard stops are placed in multiple adjacent facets directly across
the crease, each having the same parameter values. The parameter values used were rhod = 60°,
L1 = 2, and L2 = 4. Figures 2.7a and b show the muira-ori pattern in its original folded states.
Figure 2.7c shows each PTHS deployed, blocking the origami pattern from reaching its fully folded
state. Each moves perpendicular to the crease it is across, yet is cut parallel to the other creases.
This example shows that these transcrease hard stop models can be used to develop hard
stops that block motion within an origami pattern. Further, this example shows that the FF-PTHS
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model allows for 3 states as shown in the three portions of Figure 2.7. This is a specific benefit of
the FF-PTHS model.
Since these are models and not fully realized design techniques, a complete stop to motion
is not guaranteed. This can be seen in Figure 2.7c, where the flexibility of paper allows for the
transcrease hard stops to bend before fully blocking motion. Further, this flexibility requires an
external load to keep the transcrease hard stops held in the partially folded state.

2.5.2

Angle Range Demonstration
Brigham Young University’s block ’Y’ on the mountain east of campus has become a sym-

bol of the university. The shape of the ’Y’ has numerous different angles as shown in Figure 2.8a.
We use this shape to show the range of angles for the transcrease hard stop models outlined. The
P-STHS model was used because it is more efficient past 90° than the PTHS models and easier to
calculate than the general STHS model.
The block ’Y’ was constructed from a continuous strip of material. The material was split
along the mirror line in Figure 2.8a, creating two separate open loops. These narrower strips were
segmented with creases so the length of each facet is equal to the length of the corresponding
line segment as shown in Figure 2.8. Depending on the available space, one or two hard stops
were added to each crease using the P-STHS model. The dihedral angle, ρd , of each hard stop
corresponds with the angle between the line segments. Figure 2.9 shows the physical prototype in
open and closed positions.
This example shows the range of angles that can be realized using these transcrease hard
stop models, included dihedral angles of 60°, 90°, 120°, and 150°. Additionally, this example
demonstrates that the shape for the STHS model can be arbitrary. Straight cuts were selected for
ease of prototyping. The circles at the center of each vertex depicted in Figure 2.8 were removed
to accommodate the thickness of the material in the physical prototype.

2.6

Discussion
Each deployable transcrease hard stop model is formed within two base facets, making

shape flexible. Each model can be easily scaled. Since paper has approximately zero thickness,
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Side View of Unfolded Material

General Dimension
l8
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Figure 2.8: (a) The lengths and angles of the block Y. (b) One half of the block Y shown from the
side with a mapping of the facet lengths and crease angles. All the creases have two P-STHSs to
distribute the load, except for the top two creases which have insufficient space.

Figure 2.9: BYU block Y designed using the P-STHS model in its open and closed positions. The
shape is closed by pulling on a wire passing through each strip. The images are scaled to fit the
page.
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these models can be implemented directly in paper, such as in origami patterns. These models can
be applied multiple times in a crease or in multiple creases of an origami pattern, as shown in the
first example above.
The visual rendering of each category of models resemble a different type of structural
support. The PTHS models look like a strut, that spans between the two base facets. The STHS
models look like a rib, commonly used to reduce bending of thin angled walls. This models could
be adapted to create methods for designing physical deployable transcrease hard stops that fulfill
these structural purposes.
These deployable transcrease hard stop models are particularly valuable in origami patterns
with multiple degrees of freedom. Using these models provides localized blocking within the
pattern which can be fabricated simultaneously with the pattern itself, without adding additional
material. The examples shown in Figure 2.7 and Figure 2.9 utilize this benefit.
The majority of model examples shown in this paper are perpendicular to the base crease.
This does not need to be the case, as shown in Figure 2.4 and in the first example. Any hard stop
orientation can be used as long as the conditions outlined for each model are satisfied.

2.7

Conclusion
This paper has presented four models for deployable transcrease hard stops, separated into

two categories. For each category, a general and special case model were outlined. The models
presented are theoretical, though they can be used directly in origami patterns, due to the near
zero thickness attribute of paper. Examples are given in paper-like materials, which show specific
benefits and limitations of these transcrease hard stop models.
Future work will develop these models into methods and techniques that can be used for
designing deployable transcrease hard stops for use in origami-based applications. This work will
include mathematical adaptations of these models for thickness, strength and flexibility analysis,
and discussion on designing to counteract motion challenges, such as singularities. This work
also shows promise for extension to curved surfaces for use in developable mechanisms [19].
Additionally, work could be done to compare the suitability of methods developed from these
models under static and dynamic loading.
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CHAPTER 3.
THICKNESS UTILIZING DEPLOYABLE HARD STOPS FOR ORIGAMIBASED DESIGN APPLICATIONS

3.1

Introduction
Origami has found uses in numerous engineering and design applications, such as small soft

robots [20], DNA mechanisms [21], transformable metamaterials [22], energy absorbers [23], and
an optimized jumping mechanism [24]. In many applications, such as is seen in current origamibased products on the market, it is necessary to block motion and provide stability in a desired
configuration [2].
Greenwood et al. [5] developed a method for determining what techniques could be used to
stabilize an origami pattern or origami-inspired device. Suggested techniques include using strain
energy [25], compliant mechanisms [26], and heating [27]. Yasuda et al. [28] recently proposed
programmable structures for obtaining stability under a load. Multiple different methods were
suggested by Yellowhorse and Howell [29] for providing stiffness in origami-inspired designs.
Other stiffness-based methods include using coupled origami tubes [30, 31], stacking origami
patterns [32], and origami-tube interleaving [33]. Generally, these methods act at the joints or
add increased complexity to the system.
In previous work, the authors developed two categories of deployable transcrease hard
stop models that block motion of an origami pattern in a desired fold state, while maintaining
the original crease locations [1]. Transcrease refers to the hard stops laying across the crease.
Deployable transcrease hard stops implement cuts into origami, making it kirigami (sometimes
referred to as “Pop-up Origami” [17]). Since these models were developed for origami, they are
based on the zero-thickness assumption of paper. Therefore, they cannot be directly implemented
in origami-based applications without accommodating for thickness.
Various thickness accommodation techniques have been developed for adapting origami
designs to thicker materials [6, 34]. Tachi [35] developed an early technique that allowed for fold-
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ability while maintaining the kinematics of the original origami pattern. Chen et al. [36] outlined
equations for calculating panel thicknesses, based on spherical linkages. Ku and Demaine [37]
developed algorithms to aid in developing folding patterns in thick materials. Later, Ku [13] developed a technique that strategically removes material on both sides of a crease to allow for panels
to fold to a specified angle. A technique using linkages at the joints was also recently created [38].
Butler et al. [39] developed a technique that incorporates compliant sheets. These techniques
usually involve the strategic removal or arrangement of material to enable folding.
The developments presented in this paper represent a transition from accommodating thickness to utilizing thickness. Ku [13] started down this path by developing a technique that blocks
motion at dihedral angles less than 90° through adjusting the removal of material near the joint.
This paper continues to utilize thickness by illustrating Thickness Utilizing Deployable Hard Stops
(ThUDS), which allow motion to be blocked at any angle and obtain stability. Two categories of
ThUDS are outlined that block motion of a moving joint at a specified angle. A general form is
given for each category, followed by special cases and adaptations. Diagrams and physical examples are given for each category. Last, examples are given to show applications for ThUDS.

3.2

Overview
Thickness Utilizing Deployable Hard Stops (ThUDS) are mechanisms that are designed

to block motion at a desired angle using self-interference. ThUDS utilize the thickness of the
material to assist with motion blocking and stability within folded systems. This primarily occurs
through surface contact between contacting links, which can occur in multiple directions. Similar
to lamina emergent mechanisms (LEM) [40], ThUDS originate in a flat, planar state and deploy
to be a functional, three-dimensional structure. Because of this, ThUDS have direct applications
in origami-based systems, with the ability to add necessary stability while allowing for folding.
Figure 3.1 depicts how this works. Part (a) shows the mechanism in its flat, initial state.
Part (b) shows the ThUDS deploying and part (c) shows the mechanism in its final, blocked state.
The colors of each link refer to a specific portion of the mechanism:
• Orange: Ground Link
• Blue: Blocked Link
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(a)

(b)

(c)

Figure 3.1: Theoretical diagram of ThUDS in (a) flat, (b) deploying, and (c) blocked deployed
states.
• Red: Stabilizing Link
• Green: Interfering Link
In practice, the ground link is extended beyond the joint, such that the green interfering link
comes in contact with it at the end of its motion (typically 180°). Other angles could be used, but
would require additional material thickness to accommodate for the decreased interference angle.
ThUDS can be separated into two categories: Deploying Strut and Sector Panel. The Deploying Strut ThUDS category has two sub categories: planar and spherical. They are developed
from the general Planar Transcrease Hard Stop (PTHS) model for zero-thickness deployable transcrease hard stops [1]. A Sector Panel ThUDS is similar to self-blocking degree-4 origami vertices [10], with panels (like origami facets) rather than discrete links. They are developed from the
general Spherical Transcrease Hard Stop (STHS) model for zero-thickness deployable transcrease
hard stops [1].
In the following sections the general form of each category is outlined using diagrams
and examples. Examples were 3D printed and assembled with tape joints. Special cases and
adaptations for each are also presented. Special cases refer to adjusting the general equations, such
as for obtaining flat-foldability, whereas adaptations refer to changing the general definition for
various reasons, such as inverting motion.

3.3

Deploying Strut ThUDS
Planar and spherical Deploying Strut ThUDS are illustrated using diagrams, equations, and

examples. Parameter values for the examples are given in the appendix in Tables A.1 (planar) and
A.2 (spherical).

19

L3

d4
L2

d3 J23
d2 ρ
d

d5
d1

J12

J34
d6

L4

J41

θ

L1
(a)
P4

P3

P2

P1

(b)

Figure 3.2: General diagram for a planar Deploying Strut ThUDS with key parameters shown.
Showing side views in the (a) deployed and (b) flat states. Dashed lines designate joint reference
planes. Joint offset (d) arrows denote parameter’s positive direction.

3.3.1

Planar Deploying Strut ThUDS
A planar Deploying Strut ThUDS is a self-interfering four-bar mechanism that blocks mo-

tion in a desired state and is defined by
L1 + L2 = L3 + L4

L1 + d1 i + d2 ieiρd − L2 eiρd − d3 ieiρd
iθ

iθ

(3.1)

(3.2)

iθ

+d4 ie + L3 e − d5 ie + d6 i + L4 = 0
where ρd is the dihedral angle, θ is the strut angle, L1 -L4 are link lengths, d1 -d6 are joint offsets
(positive directions shown), and P1 -P4 are joint reference planes. Dimensions and reference planes
(dashed lines) are depicted in Figure 3.2. Joints are denoted as J12 , J23 , J34 , and J41 , which are
shown in Figure 3.3 for 3D reference. Each joint offset relates a joint to a joint reference plane,
with J41 constrained to be located on P1 to reduce the number of joint offset parameters from 8
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J23

J34

J41

J12
J23
J12

J34
J41

Figure 3.3: Example of a planar Deployed Strut ThUDS with joints J34 and J41 on the top surface
and joint J12 and J23 on the bottom surface. Shown in flat and deployed states. Joint names shown
for reference.
to 6. It can be helpful, but not necessary, to use external surfaces as joint reference planes (see
Figure 3.2(b)).
Equation (3.2) is derived using a complex vector loop beginning at J41 and moving clockwise. This single equation results in two solvable equations by employing Euler’s formula (eix =
cos x + i sin x) [8].
In practice, one would select values for the dihedral angle, two of the link lengths, and all
joint offsets, while the values for the two remaining link lengths and strut angle are calculated.
Any joint offset value may be used. This can result in links 3 and 4 not being parallel to
links 1 and 2 in the flat state (see Figure 3.2(b)). Figure 3.4 shows an example of a 0.5 in. thick
planar Deploying Strut ThUDS with joint offset values arbitrarily selected, such that J34 protrudes
beyond the upper surface in the flat state.
For all links to be parallel in the flat state and reside completely within the thickness, as
shown in Figure 3.3, the joint offset values must form a closed loop, such that
d1 − d2 + d3 − d4 + d5 − d6 = 0

(3.3)

This would also result in parallel joint reference frames.
Joint offset values can be selected to allow for loads to be carried though the links and thus
by-pass the joints using the isolation principle [41]. In this way, the material thickness is being
utilized by creating surface contact between links. An example of this is shown in Figure 3.3,
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Figure 3.4: Planar Deploying Strut ThUDS with arbitrary joint offsets. Shown in flat and deployed
states.
where joints J12 and J23 are placed on the bottom surface and joints J34 and J41 are placed on the
top surface. This allows link L4 to rotate 180° before interfering with link L1 , while also allowing
for contact between all other pairs of adjacent links.

3.3.2

Spherical Deploying Strut ThUDS
A curved version of a planar Deploying Strut ThUDS, Figure 3.5 diagrams a general spher-

ical Deploying Strut ThUDS, which is defined by equation (3.3) and
α1 + α2 = α3 + α4

(3.4)

β = α1 + α4

(3.5)


cos(φ2 ) sin(α2 )
ρd = cos
+
sin(ψ2 )


−1 cos(ξ3 ) − cos(ξ2 ) cos(ξβ )
cos
sin(ξ2 ) sin(ξβ )


−1 cos(φβ ) sin(β )
+ cos
sin(ψβ )
−1



(3.6)

where ρd is the dihedral angle, α1 -α4 are the link sector angles, β is the total ground sector angle,
and d1 -d6 are joint offsets. Intermediate variables φ2 , φbeta , ξ2 , ξ3 , and ξbeta used in equation (3.6)
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Figure 3.5: General diagram for a spherical Deploying Strut ThUDS with key parameters shown.
Showing (a) the projection of the outer surface (isometric view) in the deployed state and (b) the
flat state from above. Dashed lines in (b) show position of link 4 in deployed state. Joints rotate
about O.
are defined by
r
cos(φ2 ) = p
r2 + (d2 − d3 )2

(3.7)

r
cos(φβ ) = p
r2 + (d1 + d6 )2

(3.8)

r cos(α2 )
cos(ξ2 ) = p
= cos(α2 ) cos(φ2 )
2
r + (d2 − d3 )2

(3.9)

r2 cos(α3 ) + (d2 − d3 )(d1 − d6 )
p
cos(ξ3 ) = p
r2 + (d2 − d3 )2 r2 + (d1 − d6 )2

(3.10)

r cos(β )
cos(ξβ ) = p
= cos(αβ ) cos(φβ )
2
r + (d1 + d6 )2

(3.11)

where φ2 and φβ represent joint offset angles and ξ2 , ξ3 , and ξβ represent equivalent link sector
angles. Joint reference planes are defined the same as in the planar subcategory (see Figure 3.2(b)).
Joints are denoted in Figure 3.6 for 3D reference.
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J34
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J41

Figure 3.6: Example of a spherical Deploying Strut ThUDS. Shown in flat and deployed states.
Joint names shown for reference.
The joint offset values are defined on the surface of a cylinder of radius r, within which
the spherical Deploying Strut ThUDS is defined (see Figure 3.5(b)). It is important to note that
the joint axis for each joint must pass through a single point (O) at the center of this cylinder, thus
maintaining the spherical Deploying Strut ThUDS as a spherical mechanism.
Figure 3.6 shows a general example of a spherical Deploying Strut ThUDS. Joints J12 and
J23 lay on the base surface and joints J34 and J41 lay on the upper surface, which is at an angle
with respect to the base surface. Contact is created between each pair of adjacent links (compare
to Figure 3.3).
In practice, one would select values for the dihedral angle, two of the sector angles (α1 -α4 ,
β ), and all joint offsets, while the values for the three remaining sector angles are calculated along
with the five intermediate angles. A non-linear solver may be required.

3.3.3

Special Case: Thickened PTHS Model
In some instances it is desired to simplify a Deploying Strut ThUDS, such as for faster

prototyping or simpler manufacturing. By placing all the joints on the same plane (setting d1
through d6 to be 0), equation (3.2) becomes
L1 − L2 eiρd + L3 eiθ + L4 = 0
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(3.12)

Figure 3.7: A simplified planar Deploying Strut ThUDS based on the general PTHS model [1].
Shown in flat and deployed states.

Figure 3.8: A simplified spherical Deploying Strut ThUDS based on the general PTHS model [1].
Shown in flat and deployed states.

and equation (3.6) for the spherical case reduces to
cos(ρd ) =

cos(α3 ) − cos(α2 ) cos(β )
sin(α2 ) sin(β )

(3.13)

with no intermediate variables needing to be calculated.
This simplification creates this special case, which is simply a thickened version of the
PTHS model [1], with link lengths or sector angles measured on the model joint plane.
Figure 3.7 shows a physical example of a thickened PTHS model planar Deploying Strut
ThUDS, which is based on the general PTHS model. A similar spherical example is shown in
Figure 3.8. Both examples have the same dihedral angle of 60°. In these examples, thickness is
added in a single direction. Thickness can be utilized by adding material both above and beneath
the joint plane, creating additional surface contact between links.
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Figure 3.9: General diagram for techniques to achieve flat-foldability with a Deploying Strut
ThUDS: (a) joint alignment, (b) split strut, and (c) double split link. Joints match those shown
in Figures 3.2 and 3.5.

3.3.4

Special Case: Flat-Foldable Deploying Strut ThUDS
In origami, a crease is flat-foldable if it can obtain a fold angle of ±π [6]. For a Deploying

Strut ThUDS, flat-foldability is possible when a set of collinear joints exist on an exterior surface,
requiring that equation (3.3) be satisfied.
This special case is important because of the three particular states that are possible: flatfolded, flat, and deployed. Three techniques for achieving these states are outlined below and
illustrated in Figure 3.9, with Jadded referring to added joints. A spherical example is only given
for the first technique, though the other techniques can be similarly applied.

Joint Alignment
The simplest way of achieving flat-foldability is aligning joints J12 and J34 (see Figure 3.9(a)).
For the planar subcategory, this means that L1 = L4 and L2 = L3 . For the spherical subcategory,
this means that α1 = α4 and α2 = α3 . These joints can be aligned on either outer surface. A planar
example of this flat-foldable technique is shown in Figure 3.10, where the collinear joints lay on
the bottom surface and flat-foldability is in the opposite direction as deployment.
Two examples of flat-foldable spherical Deploying Strut ThUDS using joint alignment are
shown in Figure 3.11. Part (a) gives a simple version with all joints on the same plane, whereas
part (b) shows a more complex example with the joints offset, similar to that shown in Figure 3.10,
allowing for increased surface contact between the links. Flat-foldability is in the same direction
as deployment for (a) and opposite deployment for (b).
26

Figure 3.10: Flat-foldable planar Deploying Strut ThUDS with increased surface contact to improve load carrying. Shown in flat-folded, flat, and deployed states.

(b)

(a)

Figure 3.11: Flat-foldable spherical Deploying Strut ThUDS, (a) a simple example and (b) a more
complex example with surface contact. Shown in flat-folded, flat, and deployed states.

This approach is similar to the flat-foldable planar transcrease hard stop (FF-PTHS) model
developed previously [1], which works for dihedral angles less than 90°. By utilizing the material
thickness, flat-foldabiliy can be obtained with dihedral angles of 90° or more. This is accomplished
by offsetting joints J23 and J41 , thus changing the Deploying Strut ThUDS kinematics.
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(a)

(b)

(c)

(d)

Figure 3.12: Flat-foldable planar Deploying Strut ThUDS with strut (link 3) split. Shown (a)
flat-folded, (b) flat, (c) deployed, and (d) in an undesired state due to the added degree of freedom.

For example, joint J41 in Figures 3.10 and 3.11 (b) is offset from the bottom surface whereas
the other joints are all on the bottom surface. Additionally, these examples highlight strategically
locating joints and the material thickness to increase surface contact, thus increasing ThUDS stability.

Split Strut
By splitting the strut and introducing an additional joint collinear with J12 (see Figure 3.9(b)),
dihedral angles of ≥ 90° can be easily obtained. The primary trade-off of this technique is the addition of a degree of freedom and thus, reduced stability. By strategically placing the joints, the
material thickness can be utilized to return some stability.
Figures 3.12 and 3.13 show examples of this technique using a planar Deploying Strut
ThUDS. The first has collinear joints on the bottom surface, a dihedral angle of 120°, and folds flat
opposite the direction of deployment. The second has collinear joints on the top surface, a dihedral
angle of 90°, and folds flat in the same direction as deployment.

Double Split Link
The third technique for obtaining flat-foldability is to add two collinear joints, by splitting
links L2 and L3 . This technique is limited by the addition of multiple degrees of freedom. Stability
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(a)

(b)

(c)

(d)

Figure 3.13: Flat-foldable planar Deploying Strut ThUDS with strut (link 3) split. Shown (a)
flat-folded, (b) flat, (c) deployed, and (d) in an undesired state due to the added degree of freedom.

(a)

(b)

(c)

(d)

Figure 3.14: Flat-foldable planar Deploying Strut ThUDS with links 2 and 3 split. Shown (a) flatfolded, (b) flat, (c) deployed, and (d) in an undesired state due to the added degrees of freedom.

is further reduced from the split strut technique. As before, material thickness can be utilized to
aid with locking at the additional joint.
An example of this technique is depicted in Figure 3.14. Here the collinear joints lie on
the bottom surface, the dihedral angle is 60°, and the prototype folds flat opposite the direction of
deployment.
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Figure 3.15: Diagram for a planar Deploying Strut ThUDS with offset crease joint added depicting
key parameters, excluding d1 -d5 (see Figure 3.2). Dashed lines designate joint reference planes.
3.3.5

Adaptation: Addition of Offset-Crease Joint
As outlined in section 3.2, the interfering link (link 4) is constrained to rotate 180°. For

some types of joints, it is infeasible to obtain full 180° rotation. This challenge can be overcome
by replacing joint J41 with two joints and a link. This is referred to as an offset crease joint [37].
Figure 3.15 diagrams the addition of an offset crease joint to a planar Deploying Strut
ThUDS. Equations (3.1) and (3.2) must be adapted to account for this extra joint, which gives
L1 + L2 = L3 + L4 + d8

(3.14)

and the updated loop-closure equation
L1 + d1 i + d2 ieiρd − L2 eiρd − d3 ieiρd + d4 ieiθ
iθ

(3.15)

iθ

+L3 e − d5 ie + d6 i + L4 − d7 i + d8 i = 0
where d7 and d8 are joint offsets accounting for the offset crease and joints J1C and J4C refer to the
two joints of the offset crease joint. Joint reference planes are defined the same as in Figure 3.2(b).
The material of the link portion of the offset crease joint further helps with blocking motion.
Figure 3.16 shows a planar Deploying Strut ThUDS with an incorporated offset crease
joint. In this example, all joints lie on the same plane, parallel to the exterior surfaces, for easier
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Figure 3.16: Planar Deploying Strut ThUDS with offset crease joint. All joints lay on the center
plane. Shown in flat and deployed states.

Figure 3.17: Flat-foldable planar Deploying Strut ThUDS with offset crease joint. Flat-foldability
is in opposite direction of deployment. All joints lay on the bottom plane. Shown in flat-folded,
flat, and deployed states.

assembly. Adding the offset crease joint allows for surface contact between each pair of connected
links, while maintaining simplicity.
Following the principles in section 3.3.4, a Deploying Strut ThUDS with an offset-crease
joint can be flat-foldable. Figure 3.17 depicts a flat-foldable ThUDS with an offset crease joint
with joint alignment.
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Figure 3.18: General diagram for a Deploying Strut ThUDS with inverted motion depicting key
parameters. Dashed lines designate joint reference planes (see names in Figure 3.2(b)).

3.3.6

Adaptation: Inverted Motion
A Deploying Strut ThUDS is designed to move from a flat unfolded state to block motion

before reaching a flat-folded state. Motion can be inverted such that a Deploying Strut ThUDS
deploys from a flat-foldable state rather than a flat state. For the planar subcategory, this is done
by replacing equations (3.1) and (3.2) with
L1 + L4 = L2 + L3

(3.16)

and the adjusted loop-closure equation
−L1 + d1 i + L2 eiρd + d2 ieiρd
iθ

(3.17)

iθ

−L3 e + d3 ie + L4 + d4 i = 0
with parameters depicted in Figure 3.18. Unlike the general case, only four joint offset values are
used. This is because the upper surface of link 2 is established as the corresponding joint reference
plane, P2 (see Figure 3.2(b)), to help allow the inverted ThUDS to be flat-folded.
The design of a Deploying Strut ThUDS with inverted motion follows the principles outlined earlier. An example of an inverted planar Deploying Strut ThUDS with surface contact is
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Figure 3.19: Inverted planar Deploying Strut ThUDS. Flat-foldability is in the same direction as
deployment. Joint offset values are adjusted to increase surface contact. Shown in flat-folded and
deployed states.

shown in Figure 3.19. Notice that surface contact between L1 and L2 was not established to allow
for the desired motion. Contact can be added by extending both links beyond joint J12 .
A benefit of inverted motion is the ability to be bistable, with flat-folded and deployed
stable states. This feature is utilized in the example given in section 3.5.4.

3.4

Sector Panel ThUDS
A Sector Panel ThUDS is a spherical linkage that utilizes thickness to allow for self-

interference to block motion at a specified angle. These are developed from the Spherical Transcrease Hard Stop (STHS) model for zero-thickness deployable transcrease hard stops [1]. See
Table A.3 in appendix for prototype parameters.
The Sector Panel ThUDS is defined by
θ1 + θ2 + θ3 + θ4 = 2π

(3.18)

θ12 = θ1 − θ2

(3.19)

cos(ρd ) =

cos(θ3 ) − cos(θ12 ) cos(θ4 )
sin(θ12 ) sin(θ4 )

(3.20)

where ρd is the dihedral angle, θ1 -θ4 are the panel sector angles, and θ12 is the ground sector angle
of the spherical triangle when in the deployed state (see Figure 3.20).
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θ3

θ4

θ2
θ1

Figure 3.20: General diagram for a Sector Panel ThUDS with key parameters shown.

In practice, one would select values for the dihedral angle and two of the sector angles (θ1
-θ4 , θ12 ), while the values for the three remaining sector angles are calculated.
As discussed in section 3.2, a Sector Panel ThUDS is like a degree-4 origami vertex, which
is a spherical mechanism with all the joints laying on a plane. If joints are offset, a spherical
mechanism becomes a spatial mechanism. The only single degree of freedom four-bar spatial
linkage is a Bennett linkage, which has both a flat-foldable and a planar, developable state [36].
Because a Sector Panel ThUDS is meant to stop at a desired angle, only one of these two states can
be achieved. Therefore, all joints in a Sector Panel ThuDS must reside on the same plane, though
material can be placed on either side of this joint plane.
Figure 3.21 shows two general examples of a Sector Panel ThUDS, both with the same
parameters. The first, part (a), has thickness only added beneath the joint plane. This example
resembles others work on self-blocking degree-4 vertices [10]. The second, part (b), has thickness
added beneath the joint plane to create panels 1 and 2 and above the joint plane for panels 3 and 4.
This latter case allows for increased surface contact between all pairs of adjacent panels.
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(b)

(a)

Figure 3.21: Sector Panel ThUDS examples with (a) thickness added only beneath the joint plane
and (b) thickness added both above and beneath the joint plane. Shown in flat and deployed states.

ρtab
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θ12
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θ3
δ3

θ4

θ2
δ2
θ1

Figure 3.22: General diagram for a Tabbed Sector Panel ThUDS with key parameters shown.

3.4.1

Adaptation: Tabbed Sector Panel ThUDS
For a Sector Panel ThUDS, motion is blocked by self-inference between panels 1 and 3

(see Figure 3.20). This requires that panel 2 is able to rotate 180° about joint J12 , specifying that
J12 must reside on the upper surface of panels 1 and 2. This constraint reduces the possible surface
contact within the system by constraining the possible positions of the remaining joints.
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Figure 3.23: Tabbed Sector Panel ThUDS with tab lock groove and panel contact. Shown in flat
and deployed states.

A Tabbed Sector Panel ThUDS alters panels 2 and 3 to remove the 180° constraint on panel
2 by adding a tab to panel 3 as shown in Figure 3.22. The governing equations for this adaptation
are equation (3.18) and
δ2 + δ3 = θ 2 + θ 3

(3.21)

θ12 = θ1 − ψ2

(3.22)

cos(δ3 ) − cos(θ12 ) cos(θ4 )
sin(θ12 ) sin(θ4 )

(3.23)

cos(θ2 ) − cos(ψ2 ) cos(δ3 − θ3 )
sin(ψ2 ) sin(δ3 − θ3 )

(3.24)

cos(ρd ) =
cos(ρtab ) =

where ψ2 is the projection of panel 2 on panel 1, δ3 is the overall stiffener sector angle, δ2 is the
tab offset from joint J12 , and ρtab is the stiffener angle (see Figure 3.22). Other parameters are the
same as defined above. The tabs here are cut along a radial line for convenience, though this does
not need to be the case. Any shape could be used, as long as the point where δ3 is defined stops
parallel to the ground panel plane.
Figure 3.23 shows an example of a Tabbed Sector Panel ThUDS with a dihedral angle of
60°, which matches that of the examples in Figure 3.21. Material is trimmed on either side of
joints J12 and J34 to allow for increased surface contact. Additionally, panel 2 is thinner than the
other panels, since it is not load-bearing. A notch was added in panel 1 to lock the ThUDS in the
blocked state.
Because of solving non-linearity, the examples shown in Figures 3.23 and 3.24 where designed such that ρtab = θ4 = θ12 = 90°. To aid in design, spherical kinematic equations, such as
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Figure 3.24: Flat-foldable Sector Panel ThUDS with flat-foldability in the same direction as deployment. Shown in flat-folded, flat, and deployed states.

those given by [42] can be used in conjunction with the z-direction coupler point equation from [43]
to determine at what angle the tab will interfere with panel 1.

Special Case: Flat-Foldable Sector Panel ThUDS
As with a Deployable Strut ThUDS, flat-foldability can be achieved for a Sector Panel
ThUDS if and only if a pair of collinear joints exist on an exterior surface. This can be stated
symbolically as
θ1 + θ2 = θ3 + θ4 = π

(3.25)

In general, this can only occur for a dihedral angle of 90° with θ3 = θ4 = π2 , thus allowing either
θ1 , θ2 , or θ12 to be selected and the other two calculated.
Unlike the general case, which can only be flat-foldability for one dihedral angle, a Tabbed
Sector Panel ThUDS can achieve flat-foldability for a wider range of dihedral angles, specifically
90° < ρd < 180°. This is possible because the support panel’s sector angle is based on δ3 instead
of θ3 and δ3 > θ3 . Figure 3.24 shows an example of a flat-foldable Tabbed Sector Panel ThUDS
with a dihedral angle of 120°.
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(a)

(b)

(c)

(d)

Figure 3.25: Slider Sector Panel ThUDS in (a) flat, (b-c) deploying, and (d) deployed states.

3.4.2

Adaptation: Slider Sector Panel ThUDS
Another adaptation of the Sector Panel ThUDS is replacing panel 2 with a sliding joint.

This can be defined using equation (3.18) and
θ2 + θ12 = θ3 + θ4
cos(ρd ) =

cos(θ12 ) cos(θ4 ) − cos(θ3 )
sin(θ12 ) sin(θ4 )

(3.26)
(3.27)

where θ2 is the slider angle and θ12 is measured opposite θ1 rather than along θ1 . Other parameters
are the same as defined above. The slider angle tracks an angle of θ2 (such that θ1 +2θ2 +θ5 = 2π).
An example of this is shown in Figure 3.25 in various states, with a slider larger than θ2 to allow
for constrained motion.

3.4.3

Adaptation: Inverted Motion
A Sector Panel ThUDS is designed from a flat unfolded state to block motion before reach-

ing a flat-foldable state. Motion can be inverted such that a Sector Panel ThUDS deploys from a
non-developable, flat-foldable state instead of a flat, developable state. This is done by replacing

38

ρd
θ12

θ3

θ4

θ2

θ1

Figure 3.26: General diagram for a Sector Panel ThUDS with inverted motion depicting key parameters.
equations (3.18) through (3.20) with
θ1 − θ2 + θ3 − θ4 = 0

(3.28)

θ1 + θ2 + θ12 = 2π

(3.29)

and equation (3.27), with parameters depicted in Figure 3.26. Note that for this adaptation θ12 is
also opposite θ1 instead of along θ1 as specified for the slider adaptation above.
Figure 3.27 is a physical example of this adaption. Each panel is shifted as needed using
the offset panel technique for thickness accommodation to allow for flat-foldability [6].

3.5

Applications of ThUDS
ThUDS were implemented in origami-based designs to demonstrate their benefit in prod-

ucts and systems. Several of these were selected and are shown with increasing levels of complexity.
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Figure 3.27: Inverted Sector Panel ThUDS with thickness added and removed to allow for flatfoldability. Shown in flat-folded and deployed states.

Figure 3.28: Collapsible bookend with planar Deploying Strut ThUDS. Shown in flat state, deployed state, and in functional use.

3.5.1

Collapsible Bookend
Bookends are often difficult to store due to their shape. By making them collapsible, they

can be easily stored, while being able to maintain their function when deployed.
By implementing a 90° planar Deploying Strut ThUDS, the collapsible bookend shown in
Figure 3.28 was developed, which closely resembles a typical metal bookend. The bookend has a
flat state, such that it can be stored in a box or even on the bookshelf amongst books. Then, it can
be quickly deployed for use and maintain stability with books resting against it. See Table A.1 in
the appendix for parameter values.
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Front View

Back View

Figure 3.29: Desk mobile phone holder in stowed and deployed states.
Additionally, the thickness of the links is utilized by design to create surface contact, placing the strut link in compression when in use. This allows loads to be transmitted through the strut
and ground links to the shelf, while still allowing for folding.

3.5.2

Desk Mobile Phone Holder
An origami-based desk mobile phone holder, shown in Figure 3.29, was designed using a

Sector Panel ThUDS. It has a flat state for easy storage and can be deployed for holding a mobile
phone. A dihedral angle of 60° was selected for simplicity, but could be designed for other angles.
This design utilizes the material thickness in multiple ways. Tabs and corresponding slots
were added to isolate loads from the joints. A ridge was also added to help lock panels 2 and 3 in
place, further removing load from the joints. Additionally, a groove was designed in panel 1 for
panel 2 to sit in. Together, these features constrain the motion of the ThUDS and improve stability,
while maintaining desired functionality and foldability.

3.5.3

Side Table
Furniture is often cumbersome and bulky, thus being difficult to move and store. Fold-

ing allows for easier movement and reduces required storage space. An origami-based foldable
side table was created by replacing joints between the legs and table top with flat-foldable planar
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Figure 3.30: Flat-foldable side table example. The planar Deploying Strut ThUDS used are similar
to that shown in Figure 3.10.

Deploying Strut ThUDS, as shown in Figure 3.30. The equations in section 3.3.1 were used to
determine the ThUDS dimensions (see Table A.1 in appendix).
Because flat-foldable ThUDS were used, the side table is able to collapse to a complete flat
position, as shown in Figure 3.30. Thus, stowability is increased, while functionality is maintained.
Joints were offset to utilize the link thickness to create surface contact to help remove loads from
the joints.

3.5.4

Flat-Foldable Unit Cell
Square or rectangular structures are common in a variety of origami-based applications.

With this in mind, a square unit cell was created that is able to be folded flat, then deployed and
locked in a square stable state. Figure 3.31 shows the unit cell in its flat, deployed, and locked
states. This unit cell can be used as a building block for other applications.
This design was created by placing a pair of planar Deploying Strut ThUDS in two opposing corners and a pair of inverted planar Deploying Strut ThUDS in the other two opposing corners.
Each has a dihedral angle of 90°. Locking is enabled through the motion blocking capability of
ThUDS and the bistable nature of inverted planar Deploying Strut ThUDS.
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Figure 3.31: Flat-foldable square unit cell in flat, deployed, and locked states.

Additionally, this configuration transfers loads through a ThUDS rather than a joint via the
strut link, through link contact with the sides. This adds to the stability of the system and potential
load-carrying capacity.

3.6

Discussion
When selecting and designing a ThUDS configuration for a particular application, it is

important to address the trade-offs tied to the type used and parameters chosen. The strategic
utilization of material thickness to allow for surface contact and increased stability comes with
increased complexity. On the other hand, the simpler the design, the less the material thickness
can be utilized for functionality, such as reducing loading on the joints.
One key benefit of a ThUDS is the ability to adapt them to nearly any material, and thus
can be used in a wide variety of applications. By assuming near zero-thickness, ThUDS simplify
to transcrease hard stops and can be directly incorporated within an origami pattern [1]. When
applied to thick materials, surface contact can be used for increased stability and load-bearing.
The examples herein show the possibility of using flexible joints, such as tape or fabric,
when contact is exhibited between links. This is because loads are able to pass predominately
through the links, reducing the stress on the joints. These examples also show that ThUDS can
become degenerate in their flat states. Remedies for this include adding material beneath the joint
plane (see Figure 3.16) and residing on a thickened plane (see Figures 3.25 and 3.27).

43

Further, ThUDS can be embedded in any system built from a flat sheet, whether this be an
origami pattern or a thick folding system. For example, the origami-based folding side table shown
in Figure 3.30 has 3D printed PLA ThUDS embedded in a wooden structure.
Finally, ThUDS can be used in series, parallel, or a combination of both. The examples
in sections 3.5.1 and 3.5.2 exhibit only a single ThUDS. The side table has four ThUDS in series
(see Figure 3.30) and the flat-foldable unit cell shown in Figure 3.31 has a series of four pairs of
parallel ThUDS.

3.7

Conclusion
This work has focused on methods for blocking motion and incorporating stability in

origami-based systems through the development of Thickness Utilizing Deployable Hard Stops
(ThUDS), which have both flat and deployed states. Methods used to design ThUDS were presented using diagrams, equations, and examples. These were separated into two categories: Deploying Strut ThUDS and Sector Panel ThUDS. Special cases, such as obtaining flat-foldability,
and adaptations, such as inverted motion, were presented for each.
Four origami-based examples were also shown, all of which have flat storage states and
stable, functional deployed states. Through these examples, it has been shown that a ThUDS can
be applied in functional ways in items with practical use. How a ThUDS utilizes thickness is
also illustrated and discussed. Thickness Utilizing Deployable Hard Stops maintain foldability
and improve stability, while utilizing thickness and are able to be completely contained within the
thickness of a design.
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CHAPTER 4.
OPTIMIZATION OF BIASED THICKNESS UTILIZING DEPLOYABLE
HARD STOPS FOR STIFFENING A DEPLOYABLE REFLECTARRAY

4.1

Introduction
Origami, the ancient art of paper folding, has become a challenging field of mechanical

study through advances in mathematics and computation. Origami involves one uncut sheet of
paper being folded into other shapes and forms. Kirigami is another art form similar to origami,
but allows multiple cuts to be made in the paper along with folds.
Origami patterns have been used to inspire and design deployable arrays and give many
benefits such as increased stowability by adding folds that can be modeled and controlled [44–46].
However, as folds are added to allow compact storage, a structure becomes less stiff and cannot
hold its shape as well when in its deployed state. In addition, many applications involve zero
gravity and thus do not have natural forces to assist in stiffening the pattern.
Work has been done to deploy and stiffen origami-based systems using external structures
such as trusses, booms, and cables [47–49]. Others have used inflatables as a structure for small
spacecraft antennas [50]. While these methods can be effective, they require an external structure
that takes up space while in the stowed configuration, decreasing the payload volume available
in the spacecraft for the actual origami system. Others have used torsional springs to deploy and
stiffen foldable solar and reflect arrays on spacecraft [51–53]. Compliant joints have also been
shown as suitable surrogate folds and utilize the stowed strain energy of the base material to act as
a torsional spring joint [54, 55].
Hard stops have also been used to block motion at a specific position, especially when
accuracy is desired. This is done by using material interference as part of the design to stop the
motion of the mechanism at the desired point. Recently, Andrews et al. [9] developed Thickness
Utilizing Deployable Hard Stops (ThUDS) that utilize the thickness of a material to create the
block motion and are able to reside within the structure.
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This work builds upon this previous work, adding self-deploying elements to a planar Deploying Strut ThUDS. Optimization techniques are used to calculate possible ThUDS parameters,
initial joint angles, and torsional stiffnesses. These self-deploying ThUDS will be incorporated
into small deployable spacecraft antennas. These antennas would benefit from these hard stops because they require accurate positioning and have limited space. ThUDS are self-contained within
the antenna structure and can stiffen the panels to their accurate locations.

4.2
4.2.1

Background
Thickness Utilizing Deployable Hard Stops
A ThUDS is a self-interfering linkage that blocks motion at a specified angle [9]. It is

based on zero-thickness models usable in origami patterns, called transcrease hard stops [1]. A
ThUDS can be planar or spherical, and can be designed to emerge from the thickness of a material.
Figure 4.1 depicts the basics of a planar Deploying Strut ThUDS, which is defined by
L1 + L2 = L3 + L4

L1 + d1 i + d2 ieiρd − L2 eiρd − d3 ieiρd
iθ

iθ

(4.1)

(4.2)

iθ

+d4 ie + L3 e − d5 ie + d6 i + L4 = 0
where ρd is the dihedral angle, θ is the strut angle, L1 -L4 are the link lengths, and d1 -d6 are the
joint offsets. Joints are noted as J12 , J23 , J34 , and J41 .
The material thickness is utilized for self-interference and surface contact. By strategically
selecting values for joint offsets, surface contact between links can be increased to allow for forces
to be transmitted though links, rather than across joints.
There are numerous ThUDS special cases and adaptations. One of these is the ability to
be flat-foldable, or fold back upon itself. The simplest method for obtaining flat foldability is by
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d4
L2

d2

d3

J23
ρd

d5
d1

J12

J41

L4

J34

θ

d6

L1

Figure 4.1: General diagram for a planar Deploying Strut ThUDS in deployed state with key
parameters shown.

aligning joints J12 and J34 . This constraint reduces equation (4.2) to
2L1 + (d1 + d6 )i + (d2 − d3 )ieiρd

(4.3)

+L2 (eiθ − eiρd ) + (d4 − d5 )ieiθ = 0
because L1 = L4 and L2 = L3 . This also requires that
d1 − d2 + d3 − d4 + d5 − d6 = 0

(4.4)

so that the joints align vertically.

4.2.2

Virtual Work
The principle of virtual work is a mechanical energy method that accounts for the energy

in a system or mechanism due to applied loads or moments, as well as internal system energy
sources, such as springs. Once the energy of the system is quantified, the total work is set to zero
and the desired values in the system (such as link angles or other force-displacement values) can
be determined. The virtual work of a four-bar mechanism with springs at each joint is given by

δW = Aδ θ2 + Bδ θ3 +Cδ θ4
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(4.5)

where A, B, and C are defined as

A =(−X2 a2 −Y2 b2 ) sin θ2 +
(−X2 b2 +Y2 a2 + r2Y3 ) cos θ2 +
M2 + T1 + T2

B =(−X3 a3 −Y3 b3 ) sin θ3 +
(−X3 b3 +Y3 a3 + r3Y3 ) cos θ3 +

(4.6)

M3 − T2 − T3

C =(−X4 a4 −Y4 b4 ) sin θ4 +
(−X4 b4 +Y4 a4 + r4Y4 ) cos θ4 +
M4 + T3 + T4
where Xi and Yi are the horizontal and vertical forces on the ith link, Mi is the moment on the ith
link, ai and bi are the horizontal and vertical distances from the load to the link, θi0 and θi are the
initial and final angle of the ith link, and Ti is the torque produced by the springs, defined as

T1 = − K1 (θ2 − θ2o )
T2 = − K2 [(θ2 − θ2o ) − (θ3 − θ3o )]

(4.7)

T3 = − K2 [(θ4 − θ4o ) − (θ3 − θ3o )]
T4 = − K4 (θ4 − θ4o )

4.2.3

Small Length Flexural Pivots
Compliant mechanisms use the bending of flexible members in a mechanism to transform

motion or energy. According to the Pseudo-Rigid-Body Model (PRBM), a compliant mechanism
can be modeled as a rigid body mechanism with torsion springs at specified locations depending
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L




2

L

Figure 4.2: Diagram of a small length flexural pivot and its PRBM equivalent with a pin joint at
and a torsion spring.

l
2

on the type of compliant flexure [8]. This allows analysis of the mechanism using kinematics and
the virtual work equations.
The simplest compliant joint is the small length flexural pivot (SLFP). The SLFP is a
“short” member in comparison to the lengths of the links connected to it. In this terminology,
“short” means l ≤

L
10 ,

where l is the length of the SLFP and L is the length of the rigid member.

The flexural rigidity, (EI)l , of the flexure must also be much less than the flexural rigidity of the
link, (EI)L .
A SLFP is modeled by placing a pin joint at the center of the compliant length, with half
the compliant length being added to the rigid member. A torsional spring is modeled at the center
of the SLFP to account for the flexural rigidity [8] as shown in Figure 4.2. The spring constant
used for the torsional spring is determined as

kSLFP =

(EI)l
l

(4.8)

where kSLFP is the torsional spring constant, E is the modulus of elasticity and I is the moment of
inertia of the SLFP cross-section.
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Figure 4.3: The Straight-Major-Square-Twist foldable reflectarray.

4.2.4

Deployable Reflectarry Antenna
Reflectarray antennas are a class of antenna on flat panels, with copper patches specifically

designed to receive incoming, or transmit outgoing, signals from a flat plane. Even though the
hardware itself is flat, because of the design, the wave front has similar behavior to that of a
parabolic antenna. The performance of the antenna depends greatly on the flatness of the antenna.
In a single piece reflectarray, flatness is easy to achieve. However, achieving a completely flat
array from a deployable origami structure is much harder, often requiring external elements for
providing stiffness and stability.
Incorporating ThUDS with a foldable reflectarray allows motion to be blocked in the flat
state with desired accuracy. Because of the lack of gravity in space, biasing the ThUDS using
torsional elements is required to provide the desired deployability, stiffness, and position accuracy.
The structure that these will be implemented into is the 9 mm thick straight-major-squaretwist pattern shown in Figure 4.3. The use of this pattern for a folding reflectarray antenna is
described in [56].

4.3

Methods
The overall goal of this work is to optimize a planar Deploying Strut ThUDS with torsional

springs at two joints to maximize the “holding moment” induced at link 2. This “holding moment” will press against the thick deployable structure and stabilize it in the blocked state after
deployment.
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Clearly stated, our objective is to maximize the “holding moment” by changing the link
lengths, joint offsets, initial/manufacture configuration, and torsional spring stiffnesses. To change
this into an optimizable problem, we looked for the negative of the otherwise positive “holding
moment”. We have chosen to use moments as a measure of our objective, rather than forces,
because the ground linkage in the mechanism is attached to the payload structure and will have an
infinite stiffness compared to the other links.
In order to determine the “holding moment”, as well as to incorporate the elastic energy
that the spring joints will produce, the principle of virtual work was used.
The design variables that we are interested in changing in order to create this optimal “holding moment” are:
• The lengths of the ThUDS links (L1 -L4 )
• The initial angle of link 4 (θ4o )
• Spring constants (K1 and K2 ) which are located at joints J12 and J23 , respectively
Using the virtual work analysis, our objective function is now the virtual work function
for the self-deploying ThUDS, solved for the moment acting on link 2 (M2 ). M2 is the “holding
moment” mentioned above. Other functions that contribute to this objective function include converting the ThUDS parameters to kinematic link lengths and kinematic equations for determining
the angles of each link for a given configuration.
Our optimization is formally defined as:
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minimize − M2 = T1 + T2 (1 − h32 )
w.r.t. x = [L1−4 , d1−6 , θ4o , K1−2 ]
subject to

− Li ≤ 0 for i = 1, 2, 3, 4
d1 − d6 = 0

(4.9)

d1 − d2 + d3 − d4 + d5 − d6 = 0
L1 + L2 − L3 − L4 = 0
L1 + d1 i + d2 ieiρd − L2 eiρd − d3 ieiρd
+ d4 ieiθ + L3 eiθ − d5 ieiθ + d6 i + L4 = 0
where h32 is a kinematic coefficient and is equal to

h32 =

r2 sin(θ4 − θ2 )
r3 sin(θ3 − θ4 )

(4.10)

where ri is the kinematic length of the ith link and each value of θi is measuring counterclockwise
from horizontal to the ith link.
Bounds were taken from the limiting geometries of the straight-major square-twist, shown
in Figure 4.3. Specifically, the structure’s dimensions were used to determine the upper bound
for link 2, with other link length bounds based on feasibility and ThUDS design experience. The
link bounds used were different, based on the location they were meant to be implemented. Joint
offset bounds were based on the material thickness of 1 cm used for the reflectarray. Joint offsets
d1 and d6 were set to an upper bound of half the thickness to constrain link 4 to sit within the
spacecraft side when deployed The bounds for the spring-constants were determined by specifications for music-wire torsion springs from McMaster-Carr. The spring constant for each spring
was then determined from these specifications and boundaries were selected where the high and
low values of the spring constants generally occurred. The bounds for the initial angle of link 4
(θ4o ) were determined by analyzing the kinematics of the planar Deploying Strut ThUDS. We want
the ThUDS to have an initial position either in an open configuration or a short distance into the
crossed configuration (−π/3 rad).

52

4.3.1

Gradient-Free Optimizations
In order to determine the initial guesses for a gradient-based optimization, we ran gradient-

free optimization routines using a Nelder-Mead approach, a genetic algorithm, and a particle
swarm algorithm. To improve routine efficiency we reduced the number of design parameters
from 13 to 5, by setting d1 -d6 as constants and calculating L2 and L3 internally.
The bounds set for these tests were:
7.5 ≤ L1 ≤ 20 mm
1 ≤ L4 ≤ 10 mm
π
− ≤ θ4o ≤ 0 rad
3

(4.11)

N-mm
rad
N-mm
0.817 ≤ K2 ≤ 3311.135
rad
0.817 ≤ K1 ≤ 3311.135

Since gradient-free methods do not normally allow for constraints, a penalty function was
used to artificially exaggerate the output moment when any of the constraints were violated.

Nelder-Mead
The objective function was optimized using the Nelder-Mead-based optimizer ‘fminsearch’
function in MATLAB. Various starting points within the bounds were selected to check for local
minima. Because the Nelder-Mead method is susceptible to converging on local minima, a Latin
Hypercube sampling of 50 intervals was used in a final multi-start run in efforts to collect an overall
optimal value.

Genetic Algorithm
The genetic algorithm used selected a random initial population using Latin Hypercube
Sampling within the bounds specified above. Values were kept real, except during the crossover
phase, for which variables were converted to binary, with four significant digits. After a user specified number of iterations, the mean of each design variable was selected, with the corresponding
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function value estimated as the optimum. This was done with two different sized populations and
each set was run twice to verify the optimized solution among the random variability.

Particle Swarm
The particle swarm algorithm was run with a sample of 500 random particles set within the
bounds given. The particle swarm algorithm was run 20 times to determine possible trends, such
as if it converged to a single solution or multiple solutions.

4.3.2

Gradient-Based Optimizations
With the information gathered from the gradient-free optimizations, gradient-based meth-

ods were used to optimize with respect to all the design variables (see equation (4.9)) for specific
system locations. These optimization problems were formed to be used with the ‘fmincon’ function in MATLAB. The following sections discuss the specific situations and corresponding changes
to the design variables and constraints.

General Biased ThUDS
Using the definition given in equation (4.9), a gradient-based optimization was run using
the initial variables of

L0 = [10, 15, 15, 5] mm


t
t t
t
d0 = ,t, , ,t,
mm
4 2 2 4
π
θ0 = − rad
4
N-m
K0 = [1, 1]
rad

(4.12)

where t is the deployable reflectarray thickness of 9 mm.
The bounds used were for locating the biased ThUDS in a 20 mm wide deployable reflectarray panel that undergoes 90° of rotation during deployment. This leads to the added bounds
of
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10 ≤ L2 ≤ 12.5 mm
10 ≤ L3 ≤ 20 mm
t
t
≤ d1 ≤ mm
4
2
t
≤ d j ≤ t mm for j = 2, 3, 4, 5
4
t
t
≤ d6 ≤ mm
4
2

(4.13)

to the bounds given in equation (4.11).

Flat-Foldable Biased ThUDS
As discussed in section 4.2.1, for a ThUDS to be flat foldable, L1 = L4 and L2 = L3 . Therefore, the design parameters need to be reduced and the optimization constraints adjusted such that
equation (4.3) is satisfied. The initial starting guess was the same as equation (4.12) except

L0 = [10, 15] mm

(4.14)

The corresponding bounds for L3 and L4 were removed. The remaining link length bounds
were adjusted for optimizing a flat-foldable biased ThUDS to be placed in the deployable reflectarray in the side panel that rotates 180°. These adjusted bounds were

5 ≤ L1 ≤ 20 mm

(4.15)

20 ≤ L2 ≤ 50 mm

Compliant Biased ThUDS
After the initial problem definition of a planar Deploying Strut ThUDS with torsion springs
at joints J12 and J23 , we wanted to investigate if a SLFP could be placed into the mechanism. This
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would allow for the benefit of fewer components, especially if multiple ThUDS are placed in the
antenna. We specifically looked at replacing joint J23 with a SLFP, as it undergoes the least amount
of rotation.
The addition of a SLFP added more design variables and constraints to the optimization.
Specifically, the added design variables were the length (l), width (b), and height of the flexure (h),
which replace K2 . The length of the flexure needs to be much less (at least 10 times smaller) than
the length of the link. However, it is important to remember that in the PRBM that the rigid link
next to the SLFP becomes

l
2

longer. This yields the constraint

l≤

Li l
−
10 2

(4.16)

where Li is the link(s) connected to l.
The other additional constraint is used to make sure the SLFP will not fail due to yielding.
SLFPs are assumed to have a constant moment applied to the whole length of the flexure, creating
a constant radius of curvature. Using this idea, the stress in the SLFP as a function of the rotation
of the link can be found to be

σ=

El ψh
2l

(4.17)

where

ψ = (θ2 − θ2o ) − (θ3 − θ3o )

(4.18)

This value can be compared to the yield strength of the material, to determine the constraint equation
σ
−1 ≤ 0
σy

(4.19)

where σy is the yield strength of the flexure material, and l and E are as defined previously
The flexural rigidity of the small length flexural pivot also needs to be much less than the
flexural rigidity of the rigid link ((EI)l << (EI)L ). Similar to the constraint above, we will take
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“much less than” to mean at least 10 times smaller. If we assume that both cross-sections are
rectangular

El bh3 EL BH 3
≤
12
120

(4.20)

where the lower case scripts refer to the SLFP and the upper case refer to the rigid link. Assuming
that the width of the SLFP is the same as the rigid link and the same material is used (El = EL ),
equation (4.20) can be simplified to
H
h≤ √
3
10

(4.21)

which is a new bound. Similar to the previous bound, h also needs to be smaller than b so that
the flexure bends about the desired axis. This bound was implemented as (it was technically
implemented as a constraint)

h≤

b
2

(4.22)

where the factor of one-half adds certainty that it will bend about the correct axis.
Two common materials used in compliant mechanisms were used in this study, namely
polyproylene and spring steel (AISI 1095 carbon steel). The moduli of elasticity used were 1723
MPa and 210 MPa, respectively. The yield strengths used were 41 MPa and 525 MPa, respectively.
Since both these parameters have ranges, the highest value for the modulus of elasticity and lowest
value for the yield strength were chosen for each material to add more conservatism.

4.4
4.4.1

Results
Gradient-Free Optimizations
Table 4.1 reports the optimized solutions from the ‘fminsearch’ optimization. It can be

seen that each case had a different starting point, and converged to a different solution. This shows
that there are many local minima for this problem. In addition, the case that implemented a LHS
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Table 4.1: Optimized design variables using Nelder-Mead gradient-free optimization algorithm.

Design
Variable
L1 (mm)
L4 (mm)
θ4o (deg)
K1 (N-m)
K2 (N-m)
Mopt (N-m)

Case 1
x0
xopt

Nelder-Mead (‘fminsearch’)
Case 2
Case 3
x0
xopt
x0
xopt

LHS Run
xopt

10
5
-60
1
1

9.6
6.1
-60
8x10−4
1.2473

20
5
-60
2
2

13.3
7.5
-60
8x10−4
2.7312

10
5
-60
3
3

11.3
6.4
-60
8x10−4
3.0793

13.9
1.8
-60
8x10−4
3.3111

-

-0.0039

-

-0.0134

-

-0.0145

-0.0363

multi-start converged to a Mopt of -0.0363 N-m, the lowest of all cases. In each of these optimized
solutions, it was observed that θ4o and K1 were both active constraints.
The results for the Genetic Algorithm routine are reported in Table 4.2. The resulting
optimal design variables are similar within each set or runs, though different between the run sets.
Unlike the results using Nelder-Mead, no constraints appear to be active. This is likely due to
taking the mean of the results.
Optimized solutions for the Particle Swarm are reported in Table 4.3. It was observed that
there was convergence to three local minima within the bounds. Because of this, the numbers in
the table are reported as the mean (x) and standard deviation (s) for the three different cases. As
a note, the solution did not converge to each of these points equally. Table 4.3 shows not only the
optimal solutions but the number of times the solution converged to each area (n).

4.4.2

Gradient-Based Optimizations
The results of the gradient-based optimization of the biased ThUDS are shown in Tables 4.4

and 4.5. Table 4.4 gives the values for the general and flat-foldable optimization. The results for
the compliant biased ThUDS optimization with a SLFP are shown in Table 4.5.
CAD models were created to show the optimized general and flat-foldable biased ThUDS
incorporated into the straight-major square-twist pattern. These models can be seen in Figure 4.4.
The CAD files show the the deployable reflectarray attached to a CubeSat. The reflectarray is
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Table 4.2: Optimized design variables using genetic algorithm gradient-free optimization, with m
iterations and population size of n.

Genetic Algorithm
Design

m=100, n=500

m=50, n=1000

Variable

Run 1

Run 2

Run 1

Run 2

L1 (mm)

16.8

16.6

16.7

16.8

L4 (mm)

1.8

1.8

2.1

2.0

θ4o (deg)

-54.104

K1 (N-m)

0.044

0.044

0.026

0.022

K2 (N-m)

3.300

3.281

3.286

3.282

Mopt (N-m)

0.0288

0.0304

0.0057

0.0010

-53.308 -54.213

-53.583

Table 4.3: Optimized design variables using particle swarm gradient-free optimization algorithm.

Particle Swarm
Design
Variable

n=10

n=5

n=5

x

s

x

s

x

s

L1 (mm)

16.4

0.225

12.8

1.5

8.2

0.519

L4 (mm)

1

0.005

3.3

2.5

6.5

3.3

θ4o (deg)

-59.99

0.01

-45.63

21.98

-34.33

23.72

K1 (N-m)

8.31x10−4

1.26x10−5

0.0313

0.0608

0.0259

0.0547

K2 (N-m)

3.3092

0.0034

2.9452

0.2862

2.3459

1.3152

Mopt (N-m)

-0.0404

7.14x10−5

0.0215

0.0791

0.0285

0.0740

shown in gray. The CubeSat is shown in black. The general biased ThUDS, which rotate 90°, are
shown in green. The flat-foldable biased ThUDS, which rotate 180° are shown in blue.
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Table 4.4: Optimized design variables using gradient-based optimization algorithm.
Design Variable
L1 -L4 (mm)
d1 -d6 (mm)
θ4o (deg)
K1 , K2 (N-m)
Mopt (N-m)

General

Flat-Foldable

7.5, 12.5, 13.97, 6.03
8.37, 20.14, 20.14, 8.37
4.5, 9.0, 9.0, 9.0, 9.0, 4.5 4.47, 9.0, 9.0, 9.0, 9.0, 4.47
-60
-60
−4
3.3111, 8.17x10
3.3111, 0.836
-1.6689

-2.0653

Top Isometric View

Bottom Isometric View

(a)

(b)

(c)

Figure 4.4: Top and bottom isometric views of the optimized ThUDS in the straight-major squaretwist reflectarray in (a) completely open, (b) partially opened, and (c) closed states. The reflectarray
is shown in gray. The black object is the CubeSat. The general biased ThUDS are shown in green.
The flat-foldable ThUDS are shown in blue.
4.5

Discussion
From Tables 4.1- 4.4 and Figure 4.4, it is shown that biased self-deploying ThUDS were

able to be optimized and incorporated into the straight-major square-twist deployable reflectarray.
Their inclusion allows the reflectarray to be self-deployable and have a stable, flat deployed state.
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Table 4.5: Optimized design variables with SLFP using gradient-based optimization algorithm.

Polypropylene
Spring Steel

SLFP Material

Design Variable
L1 -L4 (mm)
d1 -d6 (mm)
l, b, h (mm)
K1 , K2 (N-m)
θ4o (deg)
Mopt (N-m)
L1 -L4 (mm)
d1 -d6 (mm)
l, b, h (mm)
θ4o (deg)
K1 , K2 (N-m)
Mopt (N-m)

General

Flat-Foldable

8.6, 3.5, 10, 2.1
8.4, 20.3, 20.3, 8.4
4.5, 6.1, 3.2, 4.4, 2.3, 4.5 4.5, 6.75, 6.75, 6.75, 6.75, 4.5
0.2336, 9, 4.1774
0.1, 5, 2.5
3.31, 1121.7
3.31, 1121.7
-60
-60
-4.1099
-2.0653
9.5, 4.2, 10, 3.7
8.4, 20.3, 20.3, 8.4
4.5, 5.0, 8.7, 8.7, 5.0, 4.5 4.5, 6.8, 6.8, 6.75, 6.75, 4.5
0.2783, 9, 4.1774
0.1, 5, 2.5
-60
-60
3.31, 136.7
3.31, 136.72
-17.804
-2.0653

It is interesting to note the differences in optimized design values found using the gradientfree optimization methods and those obtained from the gradient-based optimizations, Specifically,
the gradient-free methods produced larger spring constant values on the second spring (K2 ), while
the gradient-based optimization found the first spring (K1 ) to have the larger optimal spring constant. The values for K1 and K2 were actually swapped in some cases. If we compare the ‘LHS
Run’ case from Table 4.1 to the ‘General Case’ from Table 4.4, the K values are flipped. However, for these two cases, the “holding moments” are very different – the latter is approximately 45
times greater than the former. This is likely due to the differences in the design variables used in
the optimization, specifically including all link lengths and the joint offsets.
It is also interesting to note the difference in optimal “holding moments” between the
gradient-free and gradient-based optimizations. The moments are much smaller in the gradientfree methods. This, in part, could be due to the differences in the optimal determined link lengths
and constant joint offset values.
We can see from Tables 4.1 and 4.3 that there were multiple local minima found. For
the particle swarm results, we can also see that these local minima have the potential of having a
positive output moment, meaning it would be biasing the mechanism in a direction reversed from
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the desired direction. Similar positive “holding moment” results were obtained from the genetic
algorithm. While there may be some configurations in this space that would work, others could
be considered a failure of the optimization due to the fact that it either didn’t find a minimum or it
found a local minimum with an undesirable output moment direction.
In the ‘Flat-Foldable’ column of Table 4.5, the optimal value of the SLFP length for the
greatest moment is 0.1 mm. While this works in the optimizer, it would be physically infeasible.
This is due to the fact that the linkages have a thickness and in order to rotate correctly, the SLFP
would need to be longer. In subsequent work, additional constraints could be be added to account
for this. Additionally, the link lengths used in this paper were determined based on a prototype
CAD model. While SLFPs might not work well for this size of antenna, as the size of the antenna
increases, these SLFP elements may become more feasible. More investigation into this area is
needed.

4.5.1

Future Work
The main emphasis of future work will include physical prototyping, testing, and physical

validation of these results. Additionally, future work could include a statistical distribution for the
moduli of elasticity and the yield strengths of the SLFP materials. This would produce a design
that will not have as good of an optimal holding moment, but will produce a design that is more
reliable against failure.

4.6

Conclusion
This work shows the design of multiple biased ThUDS that exhibit self-deployment char-

acteristics due to the internally stored strain energy of the mechanisms. The mechanisms were
designed to have the highest holding moment when deployed. These mechanisms were designed
based on a thick-folding straight-major square-twist pattern that is current being investigated as a
reflectarray for small spacecraft. While this work was based on a single pattern, this method can
be used to design biased ThUDS for stiffening other thick-folding patterns.
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CHAPTER 5.
TURE

5.1

CONCEPTS FOR STABLE, LOAD CARRYING FOLDABLE FURNI-

Introduction
Every day we use some sort of furniture, whether it be a table, chair, stool, bed, or shelf.

Furniture is usually kept in an open place, because it is cumbersome and bulky. Items such as
tables and chairs are frequently made of wood because of its abundance and heritage. These pieces
are usually heavy for aesthetic and functional purposes.
Many attempts have been made to make furniture foldable. This has led to designs that
include numerous parts and include traditional mechanisms to allow for folding. These designs
are usually less stable and more prone to break than traditional solid furniture assembled with
fasteners. Additionally, these designs are typically less aesthetically pleasing than solid designs
due to their focus on functionality, and are often still difficult to store and move due to added
weight and bulk from the mechanisms that allow for folding.
In recent years, more designs for foldable furniture have emerged, many based on origami.
Many do not meet the desired load requirements, include numerous parts, are not fully stable, or
have unwieldy flat states, making them difficult to store.
The purpose of this research is to develop concepts for stable, load-bearing foldable furniture with a primary material of wood. Technologies used in these concepts are outlined. Then,
each developed concept is explained with its key technologies, with corresponding benefits and
limitations. Those who aided in developing the concept are also acknowledged.

5.2

Background of Relevant Technologies
Below are brief overviews of various technologies used in this research. These technologies

are from the areas of origami-based engineering (sections 5.2.1-5.2.3) and compliant mechanisms
(sections 5.2.4-5.2.8).
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5.2.1

Thick Origami
Origami is beneficial because it folds. But, since origami was developed for thin sheets of

paper, efforts needed to be made to adapt origami principles to be usable in materials that can carry
sufficient design loads, such as wood, metals, or plastics.
In recent years, numerous techniques have been developed for accommodating the thickness of a material so that origami principles can be used. Lang et al. [6] reviewed many of these
techniques. These include the tapered panels technique, offset panel technique, membrane technique, and others, along with suggestions for combining various techniques in a design.
Each thickness accommodation method comes with different trade-offs. For example,
the tapered panel technique maintains zero-thickness linkage kinematics and does not extend far
passed the joint plane, but does not lay flat or store flat. The offset panel technique likewise maintains zero-thickness linkage kinematics. However, it trades material offset from the joint plane for
obtaining a flat storage state.

5.2.2

Stability/Multistability
Key to furniture design is stability. If furniture is not stable when loaded in the designed

use state, it is not functional (e.g., no one wants to sit on a wobbly chair). But, to be collapsible,
a design needs to be foldable. Generally, if something folds it is vulnerable to instability under
loads.
Greenwood et al. [5] outline a method for determining which stability techniques to use
in an origami-based design. Some techniques include blocking motion at a specific configuration
[10], energy storage, and introducing biasing.
Often, it is desirable to have multiple stable states in an origami-based design [2]. In furniture design, such stable states can include a functional state for use, a flat state for manufacture,
and a compact state for storage. Additionally, a degree-4 origami vertex is general multistable [57].
Thus, by strategically applying stability principles in a foldable design, foldable furniture can have
multiple stable states.
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5.2.3

Deployable Hard Stops
If one desires to block motion of a single degree-4 vertex at a specific angle, one can do

so my making it non-flat-foldable [10]. Motion can be similarly blocked throughout an origami
pattern through the addition of transcrease hard stops [1].
Built upon these are Thickness Utilizing Deployable Hard Stops (ThUDS) [9] which can
be used to block motion of origami-based system at the joints. Motion is blocked at a desired angle
by interference between links. Material thickness can be further utilized through surface contact
between other links, allowing for loads to bypass joints, which are common weak spots for folding
systems.

5.2.4

Isolation and Inversion
Joints are common failure points in folding systems, whether the joints are rigid or compli-

ant. Therefore, when designing a origami-based system, such as folding furniture, it is important
to account for joint locations and load paths.
Guérinot et al. [41] discussed two methods for compressively loading systems with compliant joints: isolation and inversion. Even though this work was aimed towards compliant mechanisms, these principles can be applied when rigid joints are used.
The principle of isolation is the idea of isolation joints from the load path and locating rigid
segments in places so as to bypass the joints. This concept was briefly mentioned in section 5.2.3.
The principle of inversion is the idea of inverting the loads on the joint. For a compliant
joint this leads to placing the joint in tension for a compressive load, whereas a rigid joint may be
placed in compression under a tensile load.

5.2.5

Lamina Emergent Mechanisms
A lamina emergent mechanism (LEM) is a mechanism that is created out of a flat sheet and

moves outside the initial plane [40]. LEMs are often compliant mechanisms. They have been used
in microelectronics due to their planar manufacturability.
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5.2.6

Lamina Emergent Torsional Joints
A lamina emergent torisional (LET) joint is a lamina emergent compliant joints that are

composed of torsional hinges in series and parallel [54]. Each torision hinge acts as a spring. A
family of similar joints were also created, with different loading characteristics depending on the
motion [58]. LET joints are typcially fabricated out of thin sheets.
By placing LET joints in arrays, a larger range of motion can be achieved [59]. Additionally, LET arrays can be used in thicker and more brittle materials, such as wood, than a single LET
joint.

5.2.7

Deployable Euler Spiral Connectors
A Deployable Euler Spiral Connector (DESC) is a compliant member used to connect two

rigid bodies in a collapsible system [60]. DESCs are shaped in an euler spiral and lay flat when
compressed. Being compliant, they act as springs when compressed, causing the system to deploy
when a compressive force is removed. Because they lay perfectly flat when compressed, they take
up minimal area in a stowed state, increasing usable area.

5.2.8

Rolling Contact Joints
A rolling contact joint is the base mechanism behind the well known Jacob’s Ladder toy

[61, 62]. This type of joint has been used in applications such as spinal implants [63] and has been
adapted to accommodate for thickness in origami-based design [6].

5.3

Foldable Furniture Concepts
The following concepts were developed through collaboration between the Compliant Mech-

anism Research (CMR) group in mechanical engineering and Wasatch Design Collective (WDC)
of industrial design. Designers for each concept are listed, along with key components/features,
benefits, and limitations.
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5.3.1

Collapsible Children’s Step Stool
Designers: Collin Ynchausti (CMR), Nathan Brown (CMR), David Andrews (CMR), and

Riley Reynolds (BYU)

Concept Overview
For families with young children, a common bathroom item is a child’s step stool. A
typical folding step stool only has one height, which can be difficult for a smaller child to use and
is sometimes not tall enough for use. On the other hand, a typical two step children’s stool is solid
and more functional, but takes up otherwise usable space when stored.
This concept is a wooden two-step, collapsible children’s stool, that matches the dimensions and use case of a current commercial product. Figure 5.1 shows a prototype of this design
in use and compared to a current product on the market. As is shown, this design matches the
dimensions and footprint, yet is able to be stored in a much smaller space.
The stool is made with two tiers, each supported by angled links at the edges and a central
board connecting the upper and lower surfaces using DESCs (see section 5.2.7). Magnets are inset
in the upper and lower surfaces of each tier to lock the tier closed when not deployed. Additionally,
the top tier is designed to reside within the upper surface of the bottom tier, so that the stool top
is flat when the top tier is not deployed (see Figure 5.3b). The DESCs act as springs to aid in tier
deployment and locking. The central board within each tier further aids in locking the tier when
deployed, through surface contact with the angled side panels. An unit cell of this used for concept
testing is shown in Figure 5.2.
This design is multistable with 4 stable states:
• 1. Flat/stowed for storage (bottom and top tiers stowed)
• 2. Locked platform (bottom tier deployed, top tier stowed)
• 3. Locked two-tier (bottom and top tiers deployed)
• 4. Locked half-platform (bottom tier stowed, top tier deployed)
three of which are shown in Figure 5.3. These allow for various use cases with the same design.
67

Figure 5.1: Collapsible children’s stool in use and compared to similar product, showing matching
dimensions, better stowability, and maintained functionality.

Figure 5.2: Unit cell with DESC for testing collapsible stool concept.

It is easily able to hold the necessary design load in any of its configurations. Figure 5.4
shows the collapsible children’s stool loaded with approximately 80 pounds, which is noticeable
more than the weight of desired users. In preliminary tests, the stool was able to hold over 150
pounds of weight.
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(a)

(b)

(c)

Figure 5.3: Collapsible children’s stool in (a) flat/stowed, (b) locked platform, and (c) locked twotier stable states.

Figure 5.4: Collapsible children’s stool loaded with approximately 80 pounds in states flat and
tiered deployed states.
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Benefits
Benefits of this design include being multistable, compact, self-locking, and maintained
functionality.
As discussed above, this design has multiple stable configurations, increasing possible uses
(see Figure 5.3). The design is compact, meaning that there minimal unused area in the flat/stowed
state. This is due to the use of DESCs and the top tier embedding in the upper surface of the bottom
tier.
Whether in the stowed or deployed state, each tier is self locking. This increases the overall
stability of the system in each state. Also, as discussed, functionality is maintained when compared
to rigid counterparts. This shows the practicality and quality of the design.

Limitations
One important limitation of this design is the increased number of parts in comparison to
rigid counterparts, leading to increased cost. Additionally, the current state of the design concept
has not accounted for the open gaps between tier surfaces when in the deployed state (see Figure 5.3b and c). Ideas for closing these gaps were proposed, but not developed due to project scope
and time frame.

5.3.2

Triangle Footprint Stool
Designers: Bethany Parkinson (CMR), Zoe Chambers (WDC), and David Andrews (CMR)

Concept Overview
This concept was based on the thick origami tessellation shown in Figure 5.5, which has a
compact flat state and a stable deployed state. In the deployed state, the edges of the outer panels
touch. When a load is placed on top of the pattern, these edges are pressed against each other,
stopping the pattern from collapsing.
Before the pattern could be adjusted for aesthetics, the key parameters for the pattern
needed to be determined. Figure 5.6 shows a diagram of these key parameters, where h is the
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Figure 5.5: Thick origami tessellation stool concept is build upon, in folded and deployed states.

LS
ф
h

θ
LL

t

Front

Side

Figure 5.6: Diagram of key parameters for triangle footprint stool pattern.

layer height, t is the panel thickness, LL and LS are the large and small panel widths, respectively.
Because the footprint of the tessellation is an equilateral triangle, the angles θ and φ are

tan(θ ) =

LL − LS
2h

√
3(LL − LS )
tan(φ ) =
6h

(5.1)
(5.2)

For functionality and aesthetic reasons, only two layers (half the tessellation in Figure 5.5)
were used in the concept. Additionally, the stool design looked awkward with equal height layers,
so the layer heights differ. A few of the prototypes created are shown in Figure 5.7 to highlight
some of the design choices. The center and right images show that the joints can be placed on
either side of the panels.
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Figure 5.7: Three examples with membrane images of various panel sizes and joint planes.

(a)

(b)

(c)

(d)

Figure 5.8: Prototype of triangle footprint stool in (a) functional, (b) partially deployed, (c) partially folded, and (d) fully folded/stowed states.

The final concept is shown in Figure 5.8 in four stable states. The first (a) is the functional,
deployed state. Second (b) is a partially deployed state, with the seat raised. Next (c) is a partially
folded, flat state, corresponding with the flat state of the tessellation.
Due to the large flat state of the tessellation, a joint was added to the center panel to allow
for a more compact stowed state (see Figure 5.8d). This additional joint is locked by the motion of
the tessellation, holding it from moving when the stool is deployed. The split seat also acts to stop
the additional joint from moving when in the deployed state.
This final design uses metal hinges for increased stability. Additionally, the choice was
made to place the joints on the exterior (like in center image of Figure 5.7) to allow for surface
contact between the legs when deployed.
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Benefits
This design is multistable, with four stable states. Additionally, this design can be easily
moved between the various states by a single person. Moreover, unlike most of the concepts
developed, this design is directly based off of an existing origami tessellation.

Limitations
The most noticeable limitation of this concept is the abnormal shape of the stowed state.
This was partially resolved, but not fully resolved through the addition of a joint, as discussed
above. The initial goal was to develop a concept with a back to make a chair. This was never able
to be implemented, reducing the value of this design.

5.3.3

Compact Woven Chair
Designers: Bethany Parkinson (CMR) and Brooklyn Clark (CMR), and David Andrews

(CMR)

Concept Overview
This concept come out of the development process for the triangle footprint stool shown
above. The idea is to replace the upper set of panels with a back to lock the legs together. Rolling
contact joints (see section 5.2.8) were selected to increase the joints range of motion, allowing for
a more compact stowed state. This joint was also incorporated into the seat and the back, to tie the
system together. The concept is shown in Figure 5.9 in its stowed and deployed states. The frame
is plywood, with the joints, seat, and back constructed of woven strips of marine vinyl.

Benefits
The most significant benefit of this design is its extremely compact stowed state. In this
state, the seat and back are used to help contain the legs, making the chair easier to move in the
stowed state.
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Figure 5.9: Woven chair in stowed and deployed states.

Since the rolling-contact joints are perpendicular to the ground, only minimal loads are
transferred across them, being primarily passed through the wooden legs. When the chair is in
use, the woven seat is in tension, which places the back in compression, locking the back and legs
more. Thus, the design is more stable in use.
Further, the weave pattern used in the seat, back, and rolling contact joints strengthens the
entire system.

Limitations
Although the concept is functional, it is less comfortable than others. Since fabric is used,
delamination and tearing are issues that need to be account for. Further, the design is noticeably
less stable when unloaded than it is when it is in use, making it difficult to move without the legs
moving or back slipping out of its slot.

5.3.4

Reversible Single-sheet LET Array Chair
Designers: Daniel Ames (CMR), Joshua Siebert (WDC), Elliott Bliss (WDC), Zoe Cham-

bers (WDC), David Morgan (WDC), David Andrews (CMR), and Bethany Parkinson (CMR)
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Figure 5.10: Load vs. vertical displacement for LET array compression tests.

Concept Overview
The heart of this concept is arrays of LET joints (see section 5.2.6) instead of using traditional hinges or joints. Further, the goal was to develop a design concept that was monolithic. A
single sheet of composite wood was selected as the sole material.
Before developing a design, tests were run to see if a plywood LET array could withstand
a compressive load about the bending axis (along the torsion bars [54]). A set of LET arrays were
cut out of plywood and loaded along the torsion bars in a tensile test. The failure load results are
shown in Figure 5.10. For the two inexpensive plywood samples, both failed at approximately
1500 lbf, whereas the array cut from a nicer plywood did not fail until loaded with approximately
3000 lbf. These data show that a simple LET array can adequately hold a compressive load in a
furniture application.
As this design was developed, numerous prototypes were created at various scales. Figure 5.11 shows the first three full scale prototypes. Throughout the iterations, the cutting process
was iterated to reduce fraying of the plywood. Aesthetics was of significant focus, with the back
angle, solid panel design, and back locking adjusted with each iterations.
Together, the designers developed a concept that could be cut from a single sheet of plywood using a CNC mill. Figure 5.12 shows the base pattern for this design. This pattern is cut out
of a 4 ft. by 8 ft. sheet. The brown is wood that is kept, while the white is wood that is removed.
A zoomed in view of the LET array is given, due to it’s fine resolution.
Figure 5.13 shows the final version of the single-sheet LET array chair. One side has been
painted to show its reversible nature.
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Figure 5.11: Three version of LET array chair, with oldest on left and newest on right (image from
WDC).

Figure 5.12: Cut pattern for LET Array Chair, with zoomed in view of LET Array.

Benefits
The most appealing benefit of this design concept is that it can be fabricated from a single
sheet of plywood in a single manufacturing process. This will lower costs, with the desired functionality. Another benefit is that the design is bidirectional, with two stable deployed states, thus
allowing the design to be reversible. Additionally, the design could be applied to other materials
with minimal alteration.

Limitations
Since the size of the design is tied to the manufacturing method, the size of the chair
is dependent on the size of the manufacturing bed and the size of available sheet material. For
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Figure 5.13: Final version of LET array chair, with one side painted for reversibility (image from
WDC).

example, the prototypes of the design were shorter than desired, because of the CNC mill that was
used.
Unlike the other foldable furniture concepts developed, whether or not a compact stowed
states is feasible is still under investigation. This would require that some of the LET arrays are
able to curve 180 degrees, which is would likely require a longer LET array than those currently
included in the design.

5.3.5

Flat-foldable Side Table
Designers: David Andrews (CMR)

Concept Overview
Figure 5.14 shows the flat-foldable side table in its stowed and deployed states [9]. The
joints on each leg are replaced with flat-foldable planar Deploying Strut ThUDS embedded in the
top surface, shown in Figure 5.15. These ThUDS are in series and block motion at an angle to
line the base of each leg with the edge of the table top. In addition to the flat-foldable/stowed and
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Figure 5.14: Flat-Foldable ThUDS Side Table example, in stowed and deployed states.

Figure 5.15: ThUDS used in flat-foldable side table in flat-folded and deployed states.

deployed states shown, the design includes a flat state, with the legs extended out, level with the
top.

Benefits
As with the LET array table, the wooden portion of this design can be fabricated from
a single sheet of plywood. It is flat-foldable with a compact stowed state. Unlike the triangle
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footprint stool, the legs of this design stick out less in the stowed state. Further, loading the table
helps stabilize it.

Limitations
The most impactful limitation of this design is that the legs act as levers with the strut of
the ThUDS acting as the fulcrum, magnifying the load on the top surface. Adjusting the lengths
and angles of the less would account for this issue. Additionally, the concept will not stay in its
deployed state unless it is loaded or resting on the ground.

5.3.6

Flat-Foldable Square Unit Cell
Designers: David Andrews (CMR)

Concept Overview
Many furniture and similar loaded products have square angles. Examples include bookshelves, boxes, and tiered storage cabinets. Though this design is not tied to a specific application,
it is outlined here because of its potential.
This design consists of four panels, four general planar Deploying Strut ThUDS, and four
inverted planar Deploying Strut ThUDS. Each ThUDS is set to block motion at 90°. The general
and inverted ThUDS are in pairs of two, with two general ThUDS in one corner and two inverted
ThUDS in the next. Thus, the ThUDS are in both series and parallel. Figure 5.16 shows the
flat-foldable square unit cell in its flat, deployed, and locked states.
As the unit cell is deployed, the general ThUDS are blocked after moving 90°. The inverted
ThUDS, which are bistable, are set to their locked positions. This stabilizes the unit cell, such that
it can carry a load without shifting. More about this design is outlined in [9].

Benefits
The flat-foldable square unit cell is flat-foldable, which is a very compact stowed state. As
mentioned, the inverted ThUDS are bistable, allowing the unit cell to be locked in the deployed

79

Figure 5.16: Flat-foldable square unit cell in flat, deployed, and locked states.

state. Therefore, the unit cell can be easily moved without collapsing, unlike the woven chair and
flat-foldable side table outlined above.

Limitations
Besides having no specific application, the only clear limitation might be that the ThUDS
protrude into what otherwise might be usable. The complexity of the system is another possible
limitation.

5.4

Conclusion
Six design concepts for foldable furniture have been presented. These concepts include

chairs, stools, a side table, and a flat-foldable square unit cell. All are functional and foldable, able
to carry the necessary loads. Most use wood as the primary material, with some being monolithic
and others incorporating other material for joints.
These concepts show that foldable furniture is viable, able to be stable and carry sufficient loads for regular use. Comparing these concepts, shows benefits and limitations of specific
approaches, that together show what ideas are most promising.
Future work will focus on the reversible single-sheet LET array chair, which shows the
greatest promise. This work will focus on adapting the pattern for obtaining a compact storage
state. Future work will also include creating other concepts and adapting these concepts to overcome their specific limitations.
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CHAPTER 6.

6.1

CONCLUSION

Conclusion
The purpose of this work was to develop methods for obtaining stability in origami-based

engineering design. The work presented satisfies this objective and its sub-objectives: to develop new deployable stiffeners, accommodate for/utilize thickness, obtain multistability, and apply methods to applications.
Models for new deployable stiffeners, called transcrease hard stops, were outlined in chapter 2. These models can be implemented directly into an origami pattern to block motion at a desired angle. In chapter 3 these models are adapted for the design of deployable stiffeners usable in
thick materials. Rather than accommodating for thickness, these mechanisms utilize the materials
thickness to both block motion and distribute loads, and are called Thickness Utilizing Deployable
Hard Stops (ThUDS). Motion is blocked through self-interference of links. Through the material
thickness, loads on joints can be reduced through additional link surface contact. ThUDS can be
also integrated directly within the thickness of a design.
Through this work, principles for designing ThUDS were also found. Specified dihedral
angles are obtained by blocking motion through self-interference of links. Through utilizing the
material thickness, loads on joints can be reduced through additional link surface contact, allowing
links to transfer loads around joints. This can be done through offseting and aligning the joints.
ThUDS can also be integrated directly within the thickness of a design, allowing them to reside
within a material. By trying different configurations and adjusting the general forms, special cases
and adaptions with different benefits were also developed.
Methods for obtaining multiple stable states were explored throughout, with specific emphasis in chapter 5. These methods include stacking bistable systems, incorporating ThUDS, using strain energy, blocking motion through panel interference, and strategically adding extra joints
within a pattern.
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A variety of applications for ThUDS are explored in chapters 3 through 5. These include a
collapsible bookend, a flat-foldable unit cell, and stabilizers for a CubeSate reflectarray, to maintain
desired flatness. ThUDS are used to develop foldable furniture concepts as another promising
application.
In conclusion, this work demonstrates viable means for providing and incorporating stability in origami-based design, which can be applied at any scale. New deployable stiffeners were
introduced, which reside within the design and deploy to block motion at a desired angle. Further,
this work showed the ability for origami-based systems to carry desired loads, while still exhibiting
a foldable nature with multiple stable states.

6.2

Future Work
There are numerous directions that this work could be taken in the future. Some possible

directions for future work focus on expanding applications, prototyping, and improvement and
generation of new concepts.
First, prototypes of the self-deploying, self-locking ThUDS developed in chapter 4 could
be built and tested to make sure the desired functionality is achievable. Similarly, the foldable
furniture concepts in chapter 5 could be improved for easier manufacturing, more stable functional
states, and more compact stowed states.
Work could be done to explore other applications for ThUDS. This could include investigating how to actuate ThUDS, whether through self-deployment or external actuation. Work could
also be done to use compliant living hinges as joints, to allow for single process manufacture and
reduced cost. Along with this, it would be important to determine how much stability is needed and
where to place deployable stiffeners in a design. A possible application could be in metamaterials.
More specifically, a metamaterial could be developed with incorporated transcrease hard stops.
Additionally, ThUDS could be further adapted from the transcrease hard stop models to allow for
the blocking link to interfere with the ground link at any desired angle, following a similar path as
that taken by the Tabbed Sector Panel ThUDS adaptation.
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APPENDIX A.

PROTOTYPE PARAMETERS FOR CHAPTER 3

Table A.1: Parameter values for planar Deploying Strut ThUDS examples. Lengths are in inches.
Parameters marked ”-” are not part of the technique used to create that prototype. Whether
flat-foldability (FF) is possible is denoted in the last column.
Example

ρd

[L1 - L4 ]

[d1 - d8 ]

FF

Figure 3.3
Figure 3.4
Figure 3.7
Figure 3.10
Figure 3.12
Figure 3.13
Figure 3.14
Figure 3.16
Figure 3.17
Figure 3.19
Figure 3.28
Figure 3.30
Figure 3.31
Figure 3.31

60°
60°
60°
60°
120°
90°
60°
60°
60°
60°
90°
52.52°
90°
90°

[2, 3.288, 3.288, 2]
[2, 4.164, 4.164, 2]
[1.125, 3.6, 3.225, 1.5]
[2, 3.56, 3.56, 2]
[2.5, 3.113, 5.113, 0.5]
[0.5, 1, 1.25, 0.25]
[2, 2.342, 2.842, 1.5]
[2.25, 3.340, 3.340, 1.75]
[1.4, 1.914, 1.914, 1]
[2, 1.404, 1.596, 1]
[2, 3.083, 4.083, 1]
[2, 3.051, 3.051, 2]
[0.5, 0.6, 0.85, 0.25]
[1, 0.307, 0.943, 0.25]

[0.5, 0.5, 0.5, 0.5, 0, 0, -, -]
[0.1, 0.3, 0.5, 0.2, 0.4, 0, -, -]
[-, -, -, -, -, -, -, -]
[0.15, 0.5, 0.5, 0.5, 0.5, 0.15, -, -]
[0.35, 0.5, 0.5, 0.5, 0.55, 0.2, -, -]
[0.2, 0.5, 0.5, 0.5, 0.5, 0.2, -, -]
[0, 0, 0, 0, 0, 0, 0, 0.5]
[0.2, 0.5, 0.5, 0.5, 0.5, 0.2, 0.2, 0.4]
[0.25, 0.5, 0.25, 0, -, -, -, -]
3
7 7
7 3 1
[ 16
, 16
, 16 , 16
, 8 , 8 , -, -]
[0.125, 0.5, 0.5, 0.5, 0.5, 0.125, -, -]
[0.1, 0.25, 0.25, 0.25, 0.25, 0.1, -, -]
[0.125, 0.25, 0, 0.125, -, -, -, -]

N
N
N
Y
Y
Y
Y
N
Y
Y
N
Y
N
Y
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Table A.2: Parameter values for spherical Deploying Strut ThUDS examples. Lengths are in
inches. Parameters marked ”-” are not part of the technique used to create that prototype.
Whether flat-foldability (FF) is possible is denoted in the last column.
Example

ρd

[α1 - α4 ]

β

[d1 - d6 ]

FF

Figure 3.6
Figure 3.8
Figure 3.11a
Figure 3.11b

60°
60°
60°
60°

[45°, 40.60°, 55.60°, 30°]
[45°, 43.63°, 58.63°, 30°]
[30°, 49.11°, 49.11°, 30°]
[45°, 59.86°, 59.86°, 45°]

75°
75°
60°
90°

[0.25, 0.25, 0.25, 0.25, 0, 0]
[-, -, -, -, -, -]
[-, -, -, -, -, -]
[0.125, 0.5, 0.5, 0.5, 0.5, 0.125]

N
N
Y
Y

Table A.3: Parameter values for Sector Panel ThUDS examples. Lengths are in inches.
Parameters marked ”-” are not part of the technique used to create that prototype. Whether
flat-foldability (FF) is possible is denoted in the last column.
Example

ρd

[θ1 - θ4 ]

θ12

δ2

δ3

ψ2

ρtab

FF

Figure 3.21 (a - b)
Figure 3.23
Figure 3.24
Figure 3.25
Figure 3.27
Figure 3.29

60°
60°
120°
120°
120°
60°

[150°, 60°, 60°, 90°]
[165°, 77.37°, 27.63°, 90°]
[130.89°, 49.11°, 90°, 90°]
[150°, 60°, 60°, 90°]
[150°, 120°, 60°, 90°]
[150°, 60°, 60°, 90°]

90°
90°
90°
90°
90°
90°

45°
19.11°
-

60°
120°
-

75°
40.89°
-

90°
90°
-

N
N
Y
N
Y
N
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